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Vibration  of  piping  can  be  caused  by  pulsation  of  con¬ 
tained  liquid.  Accurate  prediction  of  Buch  vibration 
requires  consideration  of  the  effect  of  pipe  motion  on 
fluid  oscillation,  as  well  as  of  acoustic  pressure  on 
pipe  walls.  Component  synthesis  is  an  analytic  tech¬ 
nique  that  approximates  those  interactions  by  synthesis 
of  plane-wave  acoustics  of  the  liquid  and  normal  modes 
analysis  of  the  pipe  structure. 

Resulta  of  analysis  by  component  synthesis  are  compared 
to  solutions  of  partial  differential  equations  of 
motion  and  to  experimental  observations  for  two  example 
pipe  configurations.  Differences  in  the  results  of  the 
two  analyses  are  small  compared  to  deviations  of  both 
predictions  from  observed  responses.  Simplifying 
assumptions  common  to  the  two  analyses  are  examined. 


INTRODUCTION 

Pumps  and  other  sources  of  periodic 
prosBuro  or  flow  initiate  acoustic  waves 
in  the  liquid  on  which  they  act.  These 
waves  exert  axial  force  on  piping  at 
bends  and  other  locations  where  piping 
changes  direction  or  diameter.  Vibra¬ 
tion  results  if  the  piping  is  not  rigid¬ 
ly  supported.  Ab  a  result  of  the  inter¬ 
action,  acoustic  energy  is  transmitted 
from  the  liquid  to  solid  components  of 
the  system,  and  acoustic  waves  in  the 
liquid  are  modified.  Analysis  of  the 
phenomenon  should  be  part  of  piping 
design  if  noise  is  to  be  controlled  or 
if  fatigue  failure  due  to  pipe  vibration 
is  a  possibility.  The  latter  problem 
has  been  observed  in  flexibly  supported 
piping  serving  rociprocnting  pumps. 

BACKGROUND 

The  following  review  cites  only 
works  directly  rolatod  to  the  topic  of 
this  paper,  ignoring  the  areas  of 


non-periodic  excitation,  instability 
caused  by  steady  flow,  cavitation  and 
turbulence  effect3,  fluid-structure  con¬ 
figurations  other  than  liquid-filled 
pipes,  multi-dimensional  acoustics, 
vibration  involving  lobar  distortions  of 
pipe  cross  section,  and  non-interacti vo 
analyses  of  acoustics  and  vibration  in 
piping . 

Callaway,  Tyzzer  and  Hardy  [1] 
appear  to  have  been  first  to  report 
observations  of  pipe  vibration  ns  a 
response  to  acoustic  excitation  of  con¬ 
tained  liquid. 

Regetz  [2]  and  D' Souza  and  oldon- 
burger  [3]  studied  the  dynamic  elonga¬ 
tion  of  straight  pipes  containing  pul¬ 
sating  liquid.  Wood  [4]  devised  an 
analysis  for  a  Bingle  degree  of  freedom 
oscillator  driven  by  pulsation  of  liquid 
in  a  pipe. 

Blado,  Lewis  and  Goodykaontz  [5] 
and  Davidson  and  Smith  [6]  developed 
analytical  methods  applicable  to  pipe 
bonds,  and  validated  their  analyses  with 
experiments  conducted  on  1 iquid- filled 
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piping  incorporating  a  3inyle  bend.  The 
analysis  reported  by  the  latter  investi¬ 
gators  involves  formulating  the  partial 
differential  equations  of  motion  of  a 
pipe  bend  and  contained  liquid,  and 
solving  the  equations  by  series  approxi¬ 
mation.  DavidBon  and  Samsury  [7]  ex¬ 
tended  the  analysis  to  the  third  dimen¬ 
sion  and  compared  analytical  predictions 
to  experimental  measurements  for  non- 
planar  piping  incorporating  three  bends. 
Wilkinson  [8]  presented  an  analysis 
method  for  piping  with  miter  bends  and 
tees  in  which  wavcB  in  liquid  and  solid 
components  are  coupled  at  discrete 
points . 

Gibert,  Axisa  and  Villard  [9]  de¬ 
veloped  a  finite  element  method  for 
analysis  of  piping  that  includes  both 
fluid  and  solid  elements.  Hatfield  and 
Wigg6rt  [10]  devised  the  component  syn¬ 
thesis  approach  which  is  an  extension  of 
the  modal  synthesis  technique  for  dyna¬ 
mic  analysis  of  structures. 

ANALYSIS 

The  component  synthesis  method  con¬ 
sists  of  two  steps.  The  first  is  normal 
modes  analysis  of  the  pipe  structure 
augmented  by  the  mass  of  contained 
liquid.  Supporting  structure  such  as 
hangers  and  racks  can  be  included.  Nor¬ 
mal  modes  analysis  is  an  option  in  most 
computer  programs  for  finite  element 
analysis. 

The  second  etep  synthesizes  struc¬ 
tural  and  fluid  behavior  to  predict 
responses  of  the  coupled  system.  Deri¬ 
vation  of  the  synthesis  step  has  been 
presented  in  an  earlier  work  [10]  and 
will  be  reviewed  only  briefly. 

If  the  structure  Is  linearly  elas¬ 
tic,  excitation  is  harmonic  and  damping 
iB  proportional  to  stiffness  and/or 
mass,  then  the  principle  of  modal  super¬ 
position  may  be  used  to  generate  com¬ 
pliance  expressions  from  modal  para¬ 
meters  obtained  in  step  one.  The 
matrix  expression  is 

Dg  “  Gs  F  (1) 

Coupling  points  are  defined  at  velocity 
discontinuities.  Typically,  one  coupl¬ 
ing  point  is  located  at  each  bend,  blind 
end,  tee  and  reducer,  and  two  are  loca¬ 
ted  at  each  orifice.  For  each  point, 
the  force  exorted  by  the  liquid  on  the 
solid  component  is  a  function  of  the 
particular  fitting  geometry  and  pressure 
at  that  point,  in  matrix  form,  force 
transmission  is  expressed  as 

F  “  F'  +  R  P  (2) 

Liquid  volume  is  conserved  at  coupling 
points,  giving  a  relation  which  includes 


terms  to  account  for  volumetric  input  to 

the  system,  displacement  of  the  liquid, 
and  displacement  of  the  fittings: 

V  -  S  Dp  +  T  Ds  (3) 

For  each  prismatic  fluid  component  be¬ 
tween  adjacent  coupling  points,  a  com¬ 
pliance  expression  may  be  derived  from 
one-dimensional  acoustic  theory.  Com¬ 
bining  the  expressions  for  all  the  fluid 
components  yields 

DF  «  Gp  P  (4) 

Eliminating  the  unknowns  F,  Dg.  and  Dp 
from  Equations  (1)  through  (4)  produces 
the  system  equation: 

V  -  T  Gs  F'  -  (S  Gp  +  T  Gs  R)  P  (5) 

The  coefficients  of  Equation  (5)  are 
frequency  dependent  and,  if  damping  is 
included,  complex.  Since  volumetric 
input  is  known  (e.g.  zero  at  bendB)  at 
those  points  where  pressure  is  unknown, 
a  subset  of  Equation  (5)  may  be  solved 
for  unknown  pressures  for  each  frequency 
of  interest.  Back  substitution  into  the 
other  subset  of  Equation  (5)  and  into 
Equations  (1),  (2)  and  (4)  gives  values 
for  the  remaining  unknowns.  Velocities 
and  accelerations  are  computed  from  dis¬ 
placements  by  differentiation. 

As  compared  to  distributed  para¬ 
meter  analyses  of  fluid-structure  inter¬ 
action  in  piping,  component  BynthesiB 
has  the  advantage  of  avoiding  formula¬ 
tion  and  solution  of  partial  differen¬ 
tial  equations,  which  is  extremely 
difficult  for  pipe  systems  typically 
encountered  in  practice.  Component 
synthesis  has  the  further  advantages  of 
utilizing  the  sophistication  of  commer¬ 
cially  available  structural  finite 
element  computer  programs  for  part  of 
the  analysis,  and  of  providing  a  way  to 
employ  modal  survey  results,  i.e.  res¬ 
ponses  obtained  by  external  excitation 
of  an  existing  pipe  system,  to  predict 
responses  to  internal  pulsation.  Com¬ 
ponent  synthesis  is  approximate  because 
continuous  structures  are  represented  as 
assemblages  of  discrete  masses,  because 
responses  of  structures  are  expressed  as 
summations  of  a  finite  number  of  mode 
shapes,  and  because  fluid-structure 
coupling  is  assumed  to  occur  at  discrete 
points.  The  relationship  between  pre¬ 
cision  of  results  and  the  numbers  of 
elements,  modes  and  coupling  points  has 
not  been  quantified. 

First  Example 

Component  synthesis  was  used  to 
estimate  various  mobilities  of  the  sys¬ 
tem  described  by  Table  1  and  Figure  1. 
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NASTRAN  [11]  was  used  for  the  first 
step  of  the  analysis.  The  finite  ele¬ 
ment  model  was  comprised  of  25  beam 
elements  with  maximum  length  of  4  in, 

(102  mm).  The  moment  of  inertia  of 
elements  representing  parts  of  the  bend 
waB  reduced  by  an  "ovalization"  factor 
[12].  Parameters  of  the  first  ten 
modes,  wiln  natural  frequencies  of  21.0, 
47.8,  305,  391,  758,  929,  1139,  1539, 
1761,  and  2056  Hz,  were  transcribed  from 
the  NASTRAN  output  for  use  in  the  second 
step.  In  addition  to  the  natural  fre¬ 
quencies,  these  parameters  included 
apparent  stiffnesses  and  normalized 
translations  of  points  C  and  E. 

The  second  step  was  formulated  with 
a  single  coupling  point  at  C,  sinusoidal 
force  of  unit  amplitude  applied  to  the 
liquid  at  A,  and  no  structural  or  acous¬ 
tic  damping.  Output  plots  are  repro¬ 
duced  in  Figure  2.  Since  the  excitation 
force  had  unit  amplitude,  velocity  and 
mobility  are  identical. 

To  investigate  the  magnitude  of 
error  introduced  by  approximation,  parts 
of  the  analysis  were  repeated,  first 
with  fewer  modes  and  then  with  fewer 
structural  elements.  Whan  only  the 
first  four  structural  modes.  Instead  of 
the  first  ten,  were  used  in  the  second 
step  of  analysis,  significant  differ¬ 
ences  were  apparent  for  iiquid  veloci¬ 
ties  when  the  frequency  of  excitation 
exceeded  700  Hz  and  for  pipe  velocities 
when  the  frequency  of  excitation  exceed¬ 
ed  400  Hz.  When  the  number  of  elements 
in  the  structural  model  was  reduced  from 
25  to  13,  the  maximum  changes  for  the 
first  four  modes  in  natural  frequencies 
and  apparent  stiffnesses  were  1.3%  and 
3.1»,  respectively.  For  those  modes, 
the  maximum  change  in  normalized  dis¬ 
placements  was  0.12.  In  general,  larger 
changes  were  observed  in  the  higher 
modes . 

Second  Example 

Component  synthesis  was  used  to 
estimate  various  mobilities  of  the  sys¬ 
tem  described  by  Table  1  and  Figure  3. 
NASTRAN  [11]  was  used  for  the  first  step 
of  the  analysis.  The  finite  element 
model  included  28  beam  elements  with 
maximum  length  of  4  in.  (102  mm)  to 
represent  piping  and  six  stiffness 
elements  to  represent  the  support  at  K, 
The  moment  of  inertia  of  elements  repre¬ 
senting  parts  of  the  bends  wqb  reduced 
by  an  "ovalization"  factor  [12],  Para¬ 
meters  of  the  first  twelve  modes,  with 
natural  frequencies  of  24.7,  25.4,  46.5, 
57.4,  121,  156,  227,  322,  579,  729,  779, 
and  1092  Hz,  were  transcribed  from  NAS¬ 
TRAN  output  for  use  in  the  Becond  step. 
In  addition  to  the  natural  frequencies, 
these  parameters  included  apparent 
stiffness  and  normalized  x,  y,  and  z 
translations  of  point  C,  y  and  z 


translations  of  F,  x  and  z  translations 
of  1,  and  x  translation  and  rol.ation 
about  y  of  K. 

The  second  step  was  formulated  with 
a  coupling  point  at  each  of  the  three 
bends,  sinusoidal  force  of  unit  ampli¬ 
tude  applied  to  the  liquid  at  A,  and  no 
structural  or  acoustic  damping.  The 
output  plots,  which  represent  both  velo¬ 
city  and  mobility,  are  reproduced  in 
Figure  4 . 

EXPERIMENT 

The  experimental  work  corresponding 
to  the  two  analyses  has  been  reported 
earlier  [6,7].  For  the  first  example, 
point  A  of  the  piping  of  Figure  1  was 
secured  to  the  flange  of  an  acoustic 
mobility/impedance  transducer.  This 
device  consists  of  a  diaphragm-supported 
piston  driven  by  an  external  force 
generator.  A  nominal  force  amplitude 
of  1  lb  (4.4  N)  was  UBed.  The  driving 
point  mobility  was  determined  from  an 
accelerometer  and  hydrophone  incorpora¬ 
ted  in  the  excitation  dovice.  The 
liquid  velocity  response  at  point  E  was 
determined  with  a  hydrophone  placed  1/2 
in.  (13  mm)  below  the  free  surface.  The 
pressure  at  this  point  is  proportional 
to  acceleration  at  the  surface  since  the 
1/2  in.  (13  mm)  liquid  column  behaves  as 
a  simple  inertanco  in  the  frequency 
range  of  interest.  The  structural  re¬ 
sponses  at  point  E  were  determined  from 
accelerometers.  Observed  mobilities  are 
plotted  in  Figure  2. 

For  the  second  example ,  point  K  of 
the  piping  shown  in  Figure  3  was  attach¬ 
ed  to  a  plate  structure.  That  end  of 
the  pipe  was  sealed  with  a  rubber  mem¬ 
brane  to  simulato  an  open  end.  Excita¬ 
tion  of  the  liquid  at  point  A  was  pro¬ 
duced  by  a  sound  generator  suspended 
above  the  unattached  pipe  ind  and  acous¬ 
tically  coupled  to  the  liquid  through  a 
rigid  cone  adapter.  An  air  qnp  of  1/64 
in.  (.4  mni)  was  maintained  between  the 
cone  and  the  pipe.  Microphones  in  the 
cone  detected  excitation  pressure.  Tho 
liquid  response  at  K  was  determined  from 
a  hydrophone  mounted  a  short  distance 
from  the  end  of  the  pipe.  Structural 
responses  at  K  were  determined  from  ac¬ 
celerometers  .  Observed  mobilities  are 
plotted  in  Figure  4. 

DISCUSSION 

Figures  2  and  4  compare  experimen¬ 
tal  observations  to  results  of  component 
synthesis  and  to  results  obtained  by 
formulating  and  solving  the  partial  dif¬ 
ferential  equations  of  motion  of  tho 
systems.  The  latter  analysis  has  been 
described  previously  [6,7],  although  the 
plotted  results  reflect  solution  by  a 
more  precise  series  approximation. 


3 


TABLE  1 

Description  of  Examples 


First  Example 

Second  Example 

Mater i al 

70%  cu,  30%  Ni 

Steel 

Density  lb-sVinS  (kg/m3) 

8.4x10"'*  (9000) 

7.35X10"1*  (7850) 

Modulus  of  elasticity  lb/in?  (GPa) 

2.28x10’  (157) 

2.95x10’  (203) 

Outside  diameter  in.  (mm) 

4.5  (114) 

4.5  (114) 

Inside  diameter  in.  (mm) 

4.03125  (102) 

4.03125  (102) 

Radius  of  bends  in,  (mm) 

4  (102) 

6  (152) 

Lengths  in.  (m) . 

AB 

36  (.914) 

18.5  (.470) 

DE 

36  (.914) 

32  (.705) 

GH 

— 

17.5  (.110) 

JK 

— 

7.5  (.190) 

Support  stiffness: 

A 

rigid 

— 

K,  x  translation  lb/in.  (N/m) 

— 

1.25x10* (2.19x10*) 

y  and  z  translations  lb/in. (N/m) 

— 

3.0x10’ (5.25x10*) 

x  rotation  lb-in./rod  (N-m/rad) 

— 

5.0x10* (’ .65x10’) 

y  and  z  rotations  lb-in. /rad  (N-m/rad) 

— 

2.5x10’ (2.82x10°) 

Liquid 

oil 

oil 

Density  lb-sVin1:  (kg/m3) 

8. 16x10"“ (872) 

8.16xl0“5 (872) 

Sound  ape  id  in  situ  in./s  (m/s) 

54000  (1372) 

54000  (1372) 

Boundary  conditions  at  pipe  ends 

open-open 

open-open 

x 
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Fig.  2a  -  Amplitude  of  mobility  of  liquid  at  A. 
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Discrepancies  in  predicted  and 
measured  responses  in  the  vicinity  of 
peak  amplitudes  are  caused  by  inaccur¬ 
ate,  but  different,  estimates  of  damping 
used  in  the  two  analyses.  In  non-reso- 
nant  frequency  ranges,  differences  in 
the  responses  predicted  by  the  two  ana¬ 
lyses  are  minor  compared  to  the  devia¬ 
tions  of  both  predictions  from  observed 
responses.  That  is,  component  synthe¬ 
sis,  despite  its  three  approximations, 
predicts  observed  bohavior  nearly  as 
accurately  as  the  more  precise  but  math¬ 
ematically  demanding  approach  of  forming 
and  solving  partial  differential  aqua¬ 
tions  of  motion.  Efforts  to  identify 
significant  sources  of  inaccuracy  will 
he  more  productive  if  directed  at  as¬ 
sumptions  common  to  both  analysis  tech¬ 
niques,  rather  than  at  the  approxima¬ 
tions  peculiar  to  component  synthesis. 
Those  common  assumptions,  and  the  cor¬ 
responding  expsrimental  conditions,  aret 

The  piping  is  linearly  elas¬ 
tic.  For  the  pressures,  sootion 
properties,  and  configurations  of 
the  example  systems,  the  elastic 
limits  of  th#  pipe  materials  wore 
not  approached. 

Dilation  of  pipe  cross  section 
is  not  coupled  to  axial  strain. 

This  assumption  may  cause  signifi¬ 
cant  error  [13],  but  ia  nsceaaary 
in  the  case  of  component  synthesis 
because  available  finite  element 
programs  do  not  provide  a  two-node 
element  with  coupled  radial  and 
axial  atraina. 

The  fluid  is  a  linearly  elas¬ 
tic  continuum.  The  test  conditions 
wars  such  that  these  constraints 
were  not  violated,  i.e,  dynamic 
pressure  amplitudes  were  small 
fractions  of  the  moan  oyatem  pres¬ 
sure  (atmospheric) ,  and  vapor  pres¬ 
sure  was  never  approached. 

Steady  flow  velocity  is  small. 
In  addition  to  being  a  necessary 
condition  for  the  familiar  formula¬ 
tion  of  acoustic  behavior,  this 
assumption  eliminates  the  effect  of 
internal  flow  on  the  natural  fre¬ 
quencies  of  piping  [14].  The  ex¬ 
periments  wore  conducted  with  no 
steady  flow. 

Centrifugal  force  on  a  bond 
due  to  circumferential  mo< if.  of 
the  contained  fluid  ia  neglected. 
Preliminary  investigation  indicatos 
that  this  assumption  is  not  n  sig¬ 
nificant  aourco  of  error  for  the 
examples . 

Sound  propagates  as  plane 
waves  throughout  the  liquid.  In 
straight  roaches  of  rigid-wal lod 
pipe,  an  accepted  condition  for 
plane  wave  bohavior  is  a  ratio  of 
wave  lenqth  to  pipe  diamoteir  ox- 
coeding  six  [15],  For  the  pipe  nncl 


liquid  of  the  experiments,  this 
condition  corresponds  to  a  frequen¬ 
cy  of  over  2000  Hz,  which  is  well 
beyond  the  maximum  frequency  of 
interest.  For  compliant  pipe 
walls,  deviation  from  piano  wavo 
behavior  is  expected  at  frequencies 
near  and  above  the  natural  frequen¬ 
cy  of  the  first  lobar  mode  of  the 
pipe  section.  Kito's  [16]  formula 
for  resonant  frequencies  of  liquid- 
filled  pipes,  with  the  ratio  of 
wall  thickness  to  pipe  length  con- 
■urvatively  taken  as  zero,  predicts 
850  and  1000  Itz  as  the  resonant 
frequencies  of  the  first  lobar 
moda  for  the  two  examples.  Those 
limits  are  comfortably  higher  than 
the  maximum  frequencies  of  intarest. 

In  propagating  through  a  bend, 
a  wave  cannot  retain  both  constant 
velocity  and  a  planar  front.  Sev¬ 
eral  investigators  have  provided 
evidence  of  the  distortion  of  plane 
waves  at  bands.  In  a  thoeratical 
analysis  of  long  wave  propagation 
in  two-dimensional  curved  ducts, 
Rostafinski  [17]  demonstrated  that 
the  presence  of  a  bend  oauses  a  set. 
of  axial  and  radial  wavea  that 
modify  the  plane  wave  entering  the 
band,  a  radial  standing  wave  sus¬ 
tained  by  the  duct  ourvatura,  and 
attenuation  of  the  wave  transmitted 
through  the  bend.  Wave  propagation 
in  the  curved  duct  was  found  to  be 
influenced  profoundly  by  rodiua  of 
curvature.  In  an  experimental 
study  of  wave  propagation  around  a 
bend,  Swaffield  [18]  obeervod  that 
attenuation  and  reflection  are  de¬ 
pendent  on  geometry  of  tho  bend, 
Neither  investigation  corisidorod 
the  effect  of  motion  of  the  bend  on 
waves  in  tho  contained  liquid. 

Since  the  results  of  both  component 
synthesis  and  differential  equation 
analysis  deviate  morn  from  experi¬ 
mental  observations  for  tho  example 
that  incorporates  the  qroator  num¬ 
ber  and  proportional  longth  of 
bonds,  it  seoms  probable  that  tho 
false  assumption  of  plana  wave  be¬ 
havior  in  bends  contributes  signi¬ 
ficantly  to  theoe  deviations. 

CONCLUSIONS 

For  the  two  examples,  componont 
synthesis  approximates  results  given  by 
the  more  precise,  but  more  difficult, 
approach  of  formulating  and  solving 
partial  differential  equations  of 
motion. 

Differences  in  results  of  tho  two 
analytical  methods  are  minor  compared  to 
their  oharod  deviations  from  experimen¬ 
tal  observations. 

Possible  sources  of  inaccuracy  in 


both  analyses  are  absence  of  coupling  of 
pipe  cross  section  dilation  to  axial 
strain*  and  the  assumption  of  plane  wave 
acoustics  in  bends. 
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NOMENCLATURE 

Dp  -  vector  of  complex  absolute 

fluid  displacements  at  coupling 
points  and  open  pipe  enda 
Ds  -  veotor  of  complex  displacements 
of  structural  degrees  of 
freedom 

F  -  vector  of  complex  forces  on 
struotural  degrees  of  freedom 
F'  -  vector  of  externally  applied 
aomplex  forces  on  structural 
degrees  of  freedom 
GF  ■  matrix  of  complex  fluid  com¬ 
pliances 

0S  *  matrix  of  complex  structural 
compliances 

P  -  vector  of  complex  pressures  at 
coupling  points  and  cloned  pipe 

enda 

R*S  ,T  ■  connectivity  matrices 

V  ■  vector  of  complex  fluid  volu- 
metric  displacements  into  pipe 
system 
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DISCUSSION 


Volga i  You  uaad  nodal  aynthaaiai  you  took  tha 
aiganvaluaa  or  tha  aiganvaotora  of  aaoh  ayatam, 
and  you  put  than  together.  ta  that  right? 

Hr.  Hatflaldi  Mo.  It  la  a  nixed  method.  Ha 
uaad  a  nodal  raprasantatlon  of  tha  atruotura, 
but  va  uaad  aoouatlo  rapraaantatlona  of  tha 
fluid  ooluauia,  and  than  wa  oouplad  thoaa.  So  It 
la  a  mixed  nodal-aoouatlo  approach. 

Volga  i  I  kapt  looking  for  a  continuity 
aquation.  Did  you  hava  ona? 

Hr.  Hatfialdi  Yas.  1  had  a  continuity  aquation, 
and  that  fomad  tha  baaia  for  tha  ayatan 
aquationa  of  notion.  Tha  firat  aquation  la  a 
ayabolio  continuity  axpraaalon. 
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Tha  uaa  of  an  analogy  batwaan  atructural  machanica  and 
acouatioa  makaa  it  poaaibla  to  aolva  fluid-atructural  inter¬ 
actional)  problem*  uaing  an  axlitlng  atructural  analyata 
oomputar  program.  Thia  mathod  was  implamantad  in  MSC/NASTRAN 
program  and  tho  FSI  analysis  waa  parformad  uaing  2-dimanaional 
couplad  fluid-beam  modal  to  aaaaaa  and  avaluata  tha  adaquaoy 
of  thia  approach.  Tha  couplad  modal  analyeia  of  3-D  modal  la 
alao  briefly  dlacuaaad,  Thia  papar  praaanta  the  normal  mode, 
modal  frequency  raaponae  and  tranalant  raaponaa  analyeia  of 
2-D  couplad  fluid-beam  syatam.  Tha  significant  reduatlon  of 
the  aoouatic  praaaura  raaponaa  at  the  fluid-atruetura  inter¬ 
face  la  obaorved  aa  a  result  of  fluid-atruetura  interaction. 


INTRODUCTION 

Tha  interaction  of  an  aoouatic 
fluid  with  an  alaatic  atructura  haa 
bean  an  important  subject,  particularly 
in  tha  atructural  design  against  under¬ 
water  shock  or  the  evaluation  of  tha 
boundary  wall  pressure  flald  of  an 
acouatlc  fluid  in  tho  loss  of  coolant 
accident  in  the  nuclear  reactor  voasel. 
An  incompressible  acouatlc  modal  of 
tha  fluid  is  uaad  in  many  engineering 
problama  to  taka  into  account  tha  added 
maaa  affect  of  tho  fluid,  However, 
tha  need  for  tho  compressible  acoustic 
fluid  model  is  inevitable  in  many  pro¬ 
blame,  particularly  useful  in  the 
transient  raaponae  analysis  of  tho 
couplad  fluid-structure  system. 

A  direct  finite  element  treatment 
of  both  tha  compressible  fluid  and 
atructura  waa  first  given  by  Ziankiewlcis 
and  Nawtonfl]  to  aolva  tha  couplad 
fluid-ntruetura  interaction  problem. 

The  finite  element  modelling  includes 
both  acouatic  fluid  and  structure, 
landing  to  a  system  of  unaymmetric 
aquations  of  motion  in  matrix  form  to 
be  solvsd[l],  Symmstry  can  bo  restored 
by  matrix  manipulation  which  produces 
completely  full  symmetric  matrlcea  of 
same  order  as  tha  original  matrtcos. 
or  it  can  ba  restored  by  condensing  out 


interior  degrees  of  freedom  in  either 
the  fluid  or  the  structure  field,  and 
reducing  tha  system  to  purely  struct¬ 
ural  or  purely  fluid  equation! 21. 

MacNeal  developed  a  method  utilixlng 
an  uncoupled  mode  formulation  of  tha 
fluid  equation!,  or  of  the  atructural 
aquation*,  or  of  both,  and  it  introduces 
a  set  of  auxiliary  variables  which 
restores  symmetry  to  the  coupled 
equations | 3 ]  . 

Ths  usa  of  an  analogy  between  struct¬ 
ural  mechanics  end  acoustics  makes  it 
possible  to  solve  fluid-structure  inter¬ 
actional)  problems  using  an  existing 
structural  analysis  computer  program. 

This  msthod  was  implemented  in 
MSC/NASTRAN f 4)  and  the  FSI  analysis  was 
performed  ueing  2-dimensional  coupled 
fluid-beam  model  to  assess  and  ovaluate 
the  adequacy.  The  coupled  modal  analysis 
of  3-0  model  is  also  briefly  discussed. 
Furthermore,  the  sume  technique  was 
successfully  used  to  evuluato  the  effect 
of  the  structural  motion  on  the  fluid 
boundary  pressure  of  Bolling  Water 
Raactor  pressure  suppression  pool  In 
the  loss  of  coolant  accident  situation 
and  the  predicted  results  were  in  good 
agreement  with  the  experimental  results 
[*].  Thia  paper  presents  tho  normal  mode, 
modal  frequency  and  transient  response 
analysis  of  2-dimensionol  coupled  fluid 


il 


beam  system.  For  the  modal  frequency 

and  transient  responses,  a  static 
approximation  ia  added  to  the  dynamic 
response  of  lower  modes  to  compensate 
for  the  truncated  higher  order  modes 
of  the  fluid [ 6 ] .  The  results  of  normal 
mode  analynis  are  compared  with  the 
theoretical  ones  with  an  excellent 
agreement , 

FLUID-STRUCTURE  INTERACTION  ANALYSIS 

The  calculation  of  pressure  response 
in  a  finite  acoustic  fluid  medium  con¬ 
tained  in  a  flexible  structure  is  a 
roblem  in  which  two  seta  of  couplad 
inoar  partial  differential  aquations 
must  ba  solved. 

The  governing  acoustic  field  equation 
for  a  nonvlscous,  compressible,  irrota- 
tional  fluid  with  prsasura,  p,  cmi  Li 
written  ae, 


where  C  is  the  acoustic  velocity  in  the 
fluid (■/x7pT) .  X  1*  the  fluid  bulk 
modulus,  a.  is  the  fluid  mass  dsnsity, 
t  is  the  time,  and  V  ia  the  gradient 
operator.  The  corresponding  boundary 
conditions  art  as  follows i 
at  fraa  surfaces, 

P  -  0  (2) 

at  the  interface  along  the  wetted 
•urface  of  fluid  and  atructura, 

Vp.S  -  -  Pf  (3) 

at* 

where  Vp.n  ia  the  pressure  gradient 
normal  to  the  surface,  u  is  tha  dis¬ 
placement  in  tha  normal  direction  of 
boundary, 

For  a  rigid  boundary,  the  equation  (3) 
reduces  to, 


Vp.n  ■  0  (4) 


The  governing  equation  of  a  otruct- 
ure  In  matrix  form  can  b*  written  as, 

[M]{u)+[C](u)+[K]fu)«fP}  (3) 


where  [H] , [0] , [K1  aro  mass,  damping  end 
stiffness  matrices  respectively,  and 
{ P )  ia  the  equivalent  fluid  nodal  force 
vector,  ( u }  is  the  displacement  vector 
and  denotes  the  derivative  with 


respect  to  time, 

ACOUSTIC-STRUCTURAL  ANAI.OGY 

The  use  of  an  anaolgy  between  struct¬ 
ural  mechanics  and  acoustics  makes  it 
possible  to  solve  FSI  problem  using  a 
structural  analysis  program.  The  analogy 
is  summarized  and  its  details  are 
described  in  Ref,  7. 

1.  Acoustic  fluid  pressure,  p,  is 
represented  by  a  component  of  structural 
displacement,  u  ,  Since  the  acoustic 
fluid  pressure  Is  the  only  degree  of 
freedom  at  the  grid  point,  all  degrees  of 
freedom  except  u  at  each  grid  point 
ahould  be  constrained. 


u  ■  n 
x  H 


2,  Tha  structural  mass  density,  p  , 
corresponds  to  tho  inverse  of  the  fluid 
bulk  modulus,  x, 


Tha  stress-strain  relation  for  tha  fluid 
is  equivalent (numerically)  to  choosing 
the  shear  modulus  0  and  Young's  modulus 
E  as  shown  in  (3)  and  (4)  belowt  [8] 

3.  The  structural  shear  modulus,  0 
corresponds  to  the  inverse  of  the  fluid 
density,  of 


4.  Choose  the  structural  Young' o 
modulus  as  follows) 

For  a  three-dimensional  fluid  model, 


E  ■  at!,  a>>l 


whsre  ct  is  large  enough  so  that  o+l  is 
indintinguishaDle(numerically)  from  a; 

(i  ■  10,s  suffices, 

For  two-dimensional  fluid  model, 


E  -  RG,  R < < 1 


where  ('.  is  not  so  small  that  1+R  is 
indist lnguiahablc(numcr1 cnlly)  from 
unity.  R-0.0001  suffices. 
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For  one-dimensional  fluid  model, 

E  •  G 

5.  The  structural  stresses,  c  ,  t 

and  Tjy,  corrospond  to  negative  acceler- 

ationa,  -w„,  -tt„  and  -<i„  in  x,  y  and  z 
x  y  * 

directions,  respectively. 


o 


x 


T 


■ 

xy 


T 


■ 

xc 


z 


where  w  is  fluid  displacement.  As  a 
result  of  this  analogy,  stress  data 
recovery  will  produce  the  acceleration 
components  within  the  fluid,  with  a 
ohanga  in  sign. 

6.  Fluid  boundary  conditions  are  treated 
as  follows i 

At  free  surface,  set  u  -p-0 

At  rigid  wall,  tako  no  aatlon. 

At  the  surface  where  the  normal 
component  of  fluid  acceleration  la  known, 
apply  the  grid  point  load, 


Fx(t)  «  -A  wx(t) 


where  A  la  the  area  associated  with  the 
grid  point. 

7,  For  fluid  grid  points  lying  in  a 
plane  of  symmetry  or  anti-symmetry, 
the  boundary  conditions  are,  [6] 


for  symmetry 


p  ■  0  for  anti-symmetry 


relatively  slow  unsymmetric  eigenvalue 

extraction  method  has  to  be  employed. 
However,  MacNeal ,  et  el [2, 3]  developed 
a  method  to  restore  the  symmetry  by 
matrix  manipulation  which  produce  full 
symmetric  matrices  of  the  same  order 
as  the  original  matrices.  This  allows 
an  efficient  symmetric  eigenvalue 
extraction  method  to  bo  used,  The 
interior  degrees  of  freedom(DOF)  may  be 
condenaed  out  in  either  the  fluid  or 
the  structural  field  and  the  system  can 
be  reduced  to  purely  structural  or  purely 
fluid  equations. 

The  coupled  matrix  equation  for  the 
fluid-atructure  system  can  be  written 

as , 


Ms  *+K 

-AT 

M 

a*  A 

% 

C0.'*Kf 

4 

(6) 


whare  [M]  is  the  etructural  mass  matrix, 
[K  ]  is  the  structural  stiffness  matrix, 

a  is  d/dt,  s*  -  d'/dt*  (an  operator), 

(C  ]  la  tha  acouatlc  maas  matrix 
(inversely  proportional  to  the  fluid 
bulk  modulus),  [K«]  is  Che  acoustic 
stiffness  matrix(inversely  proportional 
to  p»),  [A]  is  the  wetted  eurface  inter¬ 
face  area  matrix,  (u)  is  the  structural 
displacement  vector,  (p)  la  the  acoustic 
pressure  vector,  and  ( F)  ia  the  vector  of 
applied  nodal  forcea.  (p)  includes 
pressures  at  points  wltnln  the  fluid  and 
or.  the  eurface,  Similarly,  (u)  includes 
normal  components  of  motion  at  tha 
interface,  and  other  components  of 
motion  within  the  structure  which  do  not 
couple  with  the  fluid.  [A]  is  a  rectan¬ 
gular  matrix  of  total  number  of  struct- 
urnl  DOF  by  total  number  of  pressure 
DOF.  Each  nonzero  term  1b  the  tributary 
area  of  a  grid  point  associated  with  n 
specific  preeeure  DOF  and  a  structural 
DOF  at  the  interface. 

Let  tho  modal  representation  of 
displacements  and  pressure  be  written 

an 


In  tha  finite  element  analysis,  the 
symmetry  condition  on  p  is  a  natural 
boundary  condition  and  ia  satisfied  if 
no  action  is  taken. 


(u)  - 

[*.1  (V 

(7) 

fp)  - 

tffl  uf> 

(B) 

NASTRAN/FSI  ANALYSIS 


Tho  coupled  fluid-structure  inter¬ 
action  model  produces,  in  general,  non- 
symmetric  coupling  terms  in  the 
formulation,  arid,  as  a  consequence,  a 


where  [6  ],  [■}■*]  ure  the  matrices  of 
eigenvectors ,  and  { r,  ) ,  are  the 

eneralited  coordinate  vector  for 
isplacement  and  pressure,  respectively. 
The  resulting  modal  matrix  equation  1b, 
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ms#+ks 

-*T' 

f  \ 

r  T 

a‘$ 

0 

1  •' 

0 

4 

where 


[$]  - 

r*fiT  [a] 

[♦.I 

r  m  J 

■ 

-O- 

m 

2 

rn 

-O- 

.1 

r-mf-4 

-  [$f]T 

tCo1 

[0f] 

r-Vi 

-  U,]T 

[K„] 

[OJ 

rkf  j 

-  [0f]T 

fKfl 

[0f] 

Indicates  a  diagonal  matrix, 

By  matrix  manipulation  and  with 
definition  of  the  following  auxiliary 
parameters, 
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Equation  (9)  can  be  written  in  the 
following  form,  where  the  nroasure  within 
the  fluid  appoara  explicitly!  [3] 


The  following  steps  are  carried  out 
for  NASTRAN/FSI  analysis! 

1.  Set  up  a  finite  element  model  for 
the  dry  structure  and  calculate  enough 
vibration  modes  to  adequately  represent 
its  structural  behavior, 

2.  Calculate  the  wetted  tributary  area 
for  such  grid  point  at  the  fluid-struct¬ 
ure  interlace.  This  area  is  the 
element  of  the  [A)  matrix. 

3,  Compute  the  matrices,  [m] ,  [fc]  and 
the  matrix  product  j1/k  j  ^  ^T^T 

appearing  in  equation  (fo)." 

4,  Set  up  a  finite  element  model  for 
the  fluid.  Append  to  thla  model  the 
additional  scalar  degraea  of  freedom 
(t)  and  (C.) -together  with  the  ecalar 
agrings,  *[k]  and  the  scalar  masnes, 

[ml. 

5,  Analyze  the  resulting  system  for 
its  vibration  modes,  or  for  its 
rosponso  to  dynamic  excitation. 

6.  Compute  structural  displacements 
using  equation  (7),  once  { fc  )  has  been 
evaluated. 

The  aolutlon  la  baaed  on  expansion  of 
the  pressure  and  dlaplacament  field 
in  modal  coordlnatea.  One  disadvantage 
of  thle  method  le  the  loea  of  contribu¬ 
tion*  of  the  truncated  modes  to  the 
■tatlc(low  frequency)  response  of  the 
eystem,  This  problem  was  rsmadlad  by 
making  an  lndapandant  calculation  of 
the  static  response  which  it  added  to 
the  response  obtained  from  the  direct 
solution  of  equation  (10).  NASTRAN 
program  was  employed  to  implemented 
the  FSI  analysis  capabilities  becuuso 
of  its  easiness  to  control  the  program 
using  Direct  Matrix  Programming (DMAP) . 
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Equation  (10)  Is  an  advantageous  form 
for  the  boundary  well  acoustic  prossuro 
calculation. 


H 


2 -DIMENSIONAL  FLUID-BEAM  SYSTEM 


A  •imply  supported  beam  haa  one  side 
in  contact  with  a  finite  acoustic  fluid 
as  shown  in  Figure  1(a).  The  following 
physical  properties  of  the  beam  and 
fluid  are  used. 

Bsami 

Weight  Dansity(0  7.682  x  10*  N/m’ 

*  <0.283  lb/in*) 

Young's  Modulus (E)  2.068  x  10“  Pa 

(30  x  10'  psi) 

Section  Moment  of  0.1675  x  IQ**  m* 

Inertia (I)  (40.24  in*) 

Length  of  Beam(L)  3.048  m 

(10.0  ft) 

Fluid. 

Weight  Deonity(p»)  9802,23  N/m1 

f  (62.4  lb/ft1) 

Acoustic  Speed(C)  1524  m/s 

(5000  ft/ssc) 

Height  of  Fluid  6.096  m 

(20  ft) 

A  unit  width  of  the  fluid  is  considered, 


(•)  A  riuld-lMai  ly.tw  (b)  *  rintu  Klmint  Ho.I.l 

Figure  1.  A  Seem  with  a  Finite 
Acoustic  Fluid 


m  — +  El  — air-  -  q(x.t)  (11) 
nl  3x* 


where  m  is  the  maao  of  beam  per  unit 
length,  E  is  Young's  modulus  of  beam, 

I  is  the  section  moment  of  inertia,  and 
q(x,t)  is  the  distributed  load  on  the 
beam. 

The  governing  acoustic  field  equation 
in  Carttelan  coordinates  can  be  written 
as, 


3y*  C*  3t* 


The  houndary  conditions  of  the  beam  and 
fluid  are, 


y  -  0 

■ALl.  .  o 

3x* 


at  x-0  and  x-L  (13) 


Fluldt  p  ■  0  at  x»0,L,  and  y-H  (14) 
Beam-fluid  interface i 


Solving  this  set  of  equations  (11) 
through  (13),  the  following  frequency 
equation  can  be  easily  obtained. 

For  a*  -  -  (-&i-)'  >  0, 

n  c«  *•* 

o»  tanh(a„H)  __  « 

u*  tm  +  - - - 2 - ]  -  El (-22—) 


n«l, 2,3, 


THEORETICAL  90LUTI0N 


The  coupled  modal  frequenciea  of  the 
fluid-beam  system  are  to  bs  determined. 
The  equation  of  motion  of  the  beam  is, 
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M* 

For  a*  -  — —  . 
n  C5 

let  a’  -  -ft*  , 
n  n 


(-Jr-)  <  Oi 


p.  tanh(a„ H)  . 

u*  (  m  +  — £ - * - 2 -  ].  EI(-gI_) 


n-1,2,3,. 


(17) 


The  equation  of  mode  shapes  for  the 
acouetic  fluid  pleasure  are  expressed 

by. 

For  a*  >  0, 


and  mode  shapes  are  plotted  as  shown 
in  Figure  2. 


Fluid  with  Rigid  Boundary  at  Beam 
Location 


Thera  were  thirteen  acoustic  pressure 
modes  under  1000  Hz.  The  first  six 
modaa  are  depicted  in  Figure  3,  plotting 
the  pressure  variation  along  the  x-axis. 
The  first  mode  is  the  coupled  lateral 
1/2  wave-vertical  1/A  wave  mode,  and 
the  second  mode  as  the  coupled  lateral 
1/2-vertical  3/4  wave  mode. 


Pn(x,y)  ■  — (sln-flffL.)  (sinnny  -  tan«nH  coBony) 
n 


(18) 


For  a*  <  0.  and  lot  a*  *  -a*, 

n  n  n 


rn(x.y) 


pfun 


(0in--2Jj~L)  (ainhany  -  tanhanH  coah«ny)  (19) 


2D-NASTRAN  FINITE  ELEMENT  MODEL 


The  2D  finite  olemnnt  model  for  FSI 
analysis  consists  of  the  beam  and  tho 
fluid.  Using  the  symmetry  about  the 
cantor  of  tho  beam  and  the  fluid,  only 
half  portiono  of  tho  beam  and  the  fluid 
are  modeled  using  1.6  DAR  elements  /md 
128  8-node  QUAD8  elements  respectively. 
The  fluid-boon  finite  element  model  is 
ahown  in  Figure  1(b), 


lit  Hmlli  10.0  Hi 


7wl  Moil*.  410.01  Hi 


NORMAL  MODE  ANALYSIS 


lit,  Hcttlf:  17.10. OB  II?. 


To  understand  the  basic  dynamic 
characteristics  of  the  system  and  to 
make  a  basis  to  compare  the  results 
with  the  theoretical  ones,  tho  normal 
mode  analyses  of  the  following  cases 
are  performed,  (1)  dry  structure(beam 
only),  (2)  fluid  with  rigid  boundary 
at  beam  location,  and  (3)  coupled  fluid 
beam  system. 


'  rtl  Hulls ■  7450.44  "r 


41  h  Unilt*  i  4051  .  T!  Ill 


Dry  Structure  (Beam  Only) 


Figure  2,  Natural  Frequencies  and  Mode 
Shapes  of  Dry  Strueture(Beam  Only) 


There  were  five  modes  under  5000  Hz 
and  the  first  five  natural  frequencies 
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Coupled  Fluid-Beam  System 


Five  dry  structure  modes  and  thirteen 
fluid  modes  were  included  to  perform  the 
modal  analysis  of  the  coupled  system. 

The  first  seven  coupled  acoustic  pressure 
modes  are  depicted  in  Figure  4.  Tne 
first  mode  at  39.18  Hz  and  fourth  mode 
at  403.20  Hz  are  clearly  the  local 
pressure  mode  Induced  by  the  structure. 

The  results  also  indicate  that  the 
structural  motion  shifts  the  dominant 
acoustic  frequencies.  The  finite 
element  results  are  compared  with  the 
theoretical  results  based  on  the 
equations  (16)  through  (19) ,  and  it  has 
an  excellent  agreement,  The  comparison 
of  the  natural  frequencies  are  shown  in 
Table  1. 


MODAL  FREQUENCY  RESPONSES 


The  unit  acceleration  excitation  was 
applied  at  the  middle  of  the  fluid 
(location  HU  shown  in  Figure  1(b))  and 
the  excitation  frequencies  were  swept 
from  0  to  700  Hz  with  the  log  increment 
of  the  frequencies.  The  frequency 
responses  of  both  the  fluid  with  rigid 
boundary  and  the  couplad  fluid-beam 
system  were  calculated.  The  case  of 
tne  fluid  with  rigid  boundary  identifies 
the  significant  fluid  modes,  and  the 
coupled  fluid-beam  system  shows  the  FSI 
effects  on  the  coupled  responses  of  the 


Table  1.  Comparison  of  Coupled 
Natural  Frequencies  between  Theoretical 
and  Finite  Element  Results 


Mode 

Theory 

Finite  Element 

1 

39.27 

39.18 

2 

269.97 

270.17 

3 

328.18 

328.44 

4 

403.21 

403.20 

5 

414.01 

414.18 

6 

515.40 

515.54 

7 

625.19 

625.43 

8 

739.76 

740.32 

9 

756.89 

757.82 

10 

779.55 

781.61 

system.  The  5 '/.  coupled  modal  damping 
was  assumed  for  both  cases. 


Fluid  with  Rigid  Boundary  at  Beam 
Location 


The  acoustic  pressure  frequency 
response  at  the  center  of  beam  is  shown 
in  Figure  5.  The  acoustic  pressure 
response  was  dominant  at  257  Hz  (first 
acoustic  pressure  mode),  and  the  second 
peak  was  observed  at  400  Hz  (third 
acoustic  pressure  mode).  There  was  no 
significant  response  peak  at  the  second 
mode  since  it  is  being  forced  at  a  node. 


l«t  Modu  2nd  Mode 

(237,69  Ho)  (312,30  II*) 


3rd  Mode  4tli  Mode 

(400.19  H*?  (503.93  H*) 


3th  Mods  6th  Mode 

(613.73  H*)  (732.05  II*) 


Figure  3.  The  First  Six  Natural  Frequencies  and  Acoustic  Pressure 
Modes  of  the  Fluid  with  Rigid  Boundary  at  the  Beam  Location 


17 


Ills-. 
IhiiiiiJ 
IiiiiiihI 
IiiiiiiiiI 
IiiiiiihI 
Imiiiiil 
■mill 
IiiiiiiiiI 
IiiiiiiiiI 
IiiiiiiiiI 
IiiiiiiiiI 
IiiiiiiiiI 
IiiiiiiiiI 
IiiiiiiiiI 
IiiiiiiiiI 
luuiuil 


IiiiiiiiiI 

IiiiiiiiiI 

IiiiiiiiiI 

IiiiiiiiiI 

!|iihiii| 
■iiiiiiiI 
IiiiiiiiiI 
IiiiiiiiiI 

E ■iiiiiiiI 
■iiiiiiiI 
IiiiiiiiiI 
IiiiiiiiiI 
IiiiiiiiiI 
IiiiiiiiiI 
1111111111 
■■■■■■I 


ini  inrii 
IiiiiiihI 
|iiiiiiii| 
IiiiiiiiiI 
IiiiiiiiiI 
IiiiiiiiiI 
IiiiiiiiiI 

llllIHUl 

IiiiiiiiiI 
IiiiiiiiiI 
IiiiiiiiiI 
IiiiiiiiiI 
IiiiiiihI 
IiiiiiiiiI 
Hfiiiiiil 
Eiiiivil 


liimml 

till! 

lllllllll 

lillHIll 

lllllllll 

Hiiiiiil 

iimpl 
iiiiiiiI 
iiiiiiiI 
iiihiiI 
iiiiiiiI 
iiiiiiiI 
biiimil 
miimi] 
■II  IN 
IRvw/J 


liimml 
IiiiiiiiiI 
IihiiiiiJ 
IiiiiiiiiI 
|iiiiii//J 
|iirii///J 

luiiiiim 
IiiiiiiiiI 
iiiiiiiil 
liimml 
liinwwl 
|iinn\\l 
muni 

IHIIIlll 

IiiiiiiiiI 


urn/M 

it  fl 

iiniiul 

mvwwl 

IIUWVM 

inniwl 

11111111I 

iiiwifiJ 

munik 

IH/////J 

iif  mum 
iiiiiiiil 
itn\\\\% 

mwwm 

MtUUl 

Eniiii] 


IllWWVl 

lllllllll] 

niir/i/J 
nw/f/A 
mu  mm 
IiiiiiiiiI 
|im\\\v| 
uiuwvxn 
lllllllll] 
luinwA 

|  i  111/iuM 

|iiiuiti| 

luvmvl 
Imwwvl 
luilllll] 


lit  Modi  2nd  Modi  3rd  Modi  4th  Modi  5th  Modo  6th  Mods  7th  Mode 
(39.18  Hr)  (270.17  Hr)  (328.44  Hr)  (403.20  Hr)  (414,18  Hz)  (515.54  Hr)  (625.43  Hr) 

Figure  4.  The  First  Seven  Natural  Frequencies  and  Acoustic  Pressure 
Modes  of  the  Coupled  Fluid-Beam  System 


0.253  <t  257  Hi 


Frequency (Hi) 

(a)  Fluid  with  Rigid  Boundary  at  Ream  Location 


o.m 

T itr.G  (Soc) 

(a)  Fluid  with  Rigid  Boundary  at  the  Roam  Location 


Structure  Mode 


0.13  at  270  Ha  !•<;!; 
(2nd  Mode)  !  j  ! 

1 ; ; ;  i  I . ;  I ; . : : :  i ! ! ! 

:  !  '  i  !j  0.095  at  414  Ha 
!  i  ■  ■  (5th  Moda) 


rroquancy  vHf.) 

(h)  Fluid  Couplad  with  Ream 

Figure  5.  Acoustic  Pressure  Frequency 
Response  at  the  Center  of  Beam(Grid 


TlmwCSiC) 

(b)  Fluid  Coupled  with  Ream 


Figure  6.  Acoustic  Pressure  Transient 
Response  at  the  Center  of  Beam(Grid 


Coupled  Fluid-Beam  System 


The  acoustic  pressure  frequency 
response  at  the  center  of  beam  Is  shown 
In  Figure  5.  The  results  show  that  the 
acoustic  pressure  response  was  dominant 
at  270  Hz (first  pressure  mode),  and  the 
second  peak  was  observed  at  414  Hz 
(fifth  pressure  mode) .  The  small  sharp 
acoustic  pressure  response  peak  at  39  Hz 
was  caused  by  structural  motion. 

The  dominant  acoustic  pressure 
response  peak  was  reduced  about  507.  at 
the  canter  of  the  beam  due  to  the  fluid- 
structure  Interaction. 


MODAL  TRANSIENT  RESPONSES 


Impulse  acceleration  was  applied  at 
the  middle  of  the  fluid (location  XB 
shown  In  Figure  1(b)).  The  Input  excita¬ 
tion  was  a  symmetrical  triangular 
impulse  of  127  m/sa  (5000  in/sec1)  peak 
at  3  msec,  with  a  duration  of  6  msec. 

The  first  five  beam  and  fluid  modes  are 
Included  to  perform  the  modal  transient 
response  analysis.  The  damping  Is 
assumed  to  be  zero. 


Fluid  with  Rigid  Boundary  at  Beam 
Location 


The  modal  transient  acoustic  pressure 
response  at  the  canter  of  beam  is  shown 
in  Figure  6.  The  results  show  that  the 
peak  overpressure  occurred  during  the 
application  of  the  Impulse  loading  end 
the  peak  under-pressure  occurred  after 
termination  of  the  impulse. 

It  also  indicates  clearly  that  the 
dominant  frequency  was  257  Hz,  the  first 
acoustic  pressure  mode. 


Coupled  Fluid-Beam  System 


The  modal  transient  acoustic  pressure 
response  at  the  center  of  beam  is  in 
Figure  6..  The  results  show  that  the 
peak  over-pressure  occurred  during  the 
application  of  the  impulse  loading  and 
the  peak  under-preeeure  occurred  after 
termination  of  the  impulse.  It  also 
indicates  that  the  dominant  frequency 
was  270  Hz,  the  second  modal  frequency, 
and  there  was  a  higher  frequency  contri¬ 
bution  which  v»as  small  compared  to  the 
pressure  peak  at  270  Hz.  They  also  show 
the  participation  of  the  first  local 
mode  at  39  Hz . 


There  was  a  significant  decrease  of 
the  acoustic  fluid  pressure  due  to  the 
boundary  flexibility.  At  the  center  of 
beam,  the  peak  over-pressure  was  reduced 
by  about  407,,  and  the  peak  under¬ 
pressure  showed  about  397.  decrease  due 
to  the  FSI  effect. 


DIRECT  TRANSIENT  RESPONSES  OF  COUPLED 
FLUID -BEAM  SYSTEM 


To  check  the  accuracy  of  the  modal 
responses,  the  direct  transient  response 
snalysis  was  also  performed  using  the 
equation  (6) ,  the  coupled  unevmmetric 
matrix  equation  of  motion.  The  same 
input  axcitation  used  for  tha  modal 
transiant  response  at  the  canter  of  beam 
is  calculated.  The  comparison  of  modal 
and  direct  transient  responses  showed 
an  excellent  agreement. 


3D-NASTRAN/FINITE  ELEMENT  ANALYSIS 


Tha  rectangular  shape  pool  with  the 
contained  fluid  is  considered  and  the 
3D  finite  ulement  model  is  shown  in 
Figure  7.  The  vertical  aides  and  the 
bottom  floor  of  tha  pool  are  assumed  to 
be  rigid,  Using  the  vertical  plane  of 
symmetry  along  the  canter  of  the  pool, 
one  halif  portions  of  the  plate  and  the 
fluid  are  modelled  using  48  4-node  QUAD4 
elements  and  672  8-node  HEXA  elements. 


ABCD  •  Plane  of  Symmetry 


Figure  7,  3D-Finite  Element  Model 
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Flrat  Mod* 


Second  Mod* 


Figure  8.  The  Flrit  Two  Acoustic  Fluid  Praaaura  Mode*  of  the  Fluid 
with  Rigid  Boundary  et  the  Vertical  Piet*  Location 


Firat  Mod* 


Second  Mode 


Figure  9.  The  Flrat  Two  Acouatlc  Fluid  Pressure  Modes  of  the 
Coupled  Fluid-Structure  System 


Only  normal  mode  analysis  is  performed 
to  look  into  the  effect  of  the  boundary 
flexibility  on  the  acoustic  fluid 
pressure  node*.  For  the  fluid  with 
rigid  boundary  at  the  plat*  location 
(S«*  Figure  8),  tho  firat  mod*  Is  a 
vertical  quarter  wav*  mod*,  and  the 
second  mode  la  a  coupled  vertical  1/4 
wave-horizontal  1/2  wave  mode.  For  the 
coupled  fluid-*truoture  system  (see 


Figure  9),  the  strong  effects  of  the 
boundary  flexibility  to  the  acoustic 
fluid  pressure  modes  are  observed.  The 
first  mode  shows  the  combination  of  the 
vertical  and  the  horizontal  wave  modes, 
whose  dominant  frequency  is  in  the 
neighborhood  of  the  fundamental  frequency 
of  the  structure.  The  necond  modo 
shows  the  local  acoustic  pressure  mode 
induced  by  the  structure. 


Is*. 


The  strong  participation  of  tho 
vertical  1/4  wave  (first  mode)  and  3/4 
wav# (third  mode  not.  ehown)  to  the  total 
response  is  anticipated.  With  the  non- 
svnmetric  excitation  to  the  fluid  across 
the  significant  participation  of  the 
horizontal  mode  is  anticipated. 


CONCLUSIONS 


7.  "Acoustic-Structure  Analogy", 
MSC/NASTRAN  Memo,  RHM-70,  MacNeal- 
Schwendler  Corporation,  Los  Angeles, 
Calif.,  September,  1978 

8.  G.  C.  Gveratine,  "NASTRAN  Implemen¬ 
tation  of  the  Doubly  asymptotic 
Approximation  for  Underwater  Shook 
Responses",  NASA  TMX-3428,  (pp207-208), 
October, 1976 


An  analogy  between  structural 
mechanics  and  acouetics  was  impletaented 
on  MSC/NASTRAN  program  to  solve  the 
fluid-structure  problem.  It  shows  that 
the  modal  approach  produces  excellent 
results  compared  with  the  theoretical 
results  and  the  results  of  the  direct 
stop-bystep  analysis. 

The  significant  reduction  of  the 
acoustic  pressure  responses  at  the 
fluid-structure  interface  is  observed 
as  a  result  of  fluid-struoture 
interaction. 
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DISCUSSION 

Hr.  Malinowski  (Naval  Underwater  Systems 
Center)  i  you  mentioned  you  introduced  begrang* 
multiplier*  to  make  the  metrioee  eynmetrio  eo 
thet  the  eolution  preoedure  would  he 
etreemlined.  But  recently  Gordon  Bverntine,  at 
NSRDC,  lies  eom*  up  with  a  pronadure  for  nuking 
the  metrioee  syne* trio  without  introducing 
Lagrange  multiplier^  therefore,  you  don't  pay 
any  penalty  for  increasing  the  number  of  degreae 
of  freedom  in  the  eyetem.  t  think  he  published 
it  in  the  Journal  of  Sound  Vibration  e  few 
montha  ago, 

Mr.  8hlni  I  know  about  hit  work.  It  was  dona 
laafc  year. 

Hr.  Kallnowakli  X  juet  thought  I'd  bring  the 
point  up.  A  aeoond  point  ia  people  who  uee  thie 
method  ehould  be  aware  of  e  problem  with  COSMiC- 
NASTRANi  whenever  you  have  the  number  of 
internal  degree*  of  freedom  greeter  then  2  , 
which  is  roughly  32,000,  there  ia  *  bug  in  tho 
program  thet  puta  tha  antriea  in  tho  oarda  for 
aeaigning  aiaee  end  stxffneee  for  fluid  atruoture 
coupling  in  tha  wrong  plaoaa  on  the  inside  of 
the  program.  Sven  though  you  put  them  in 
oorreotly  on  tha  data  oarda,  it  atili  puta  than 
in  the  wrong  pleoae  inaide.  Wa  flxad  thia  up  in 
tha  latact  varaion  that  will  ba  coming  out  in 
tha  next  laaua.  It  only  happana  on  e  VAX 
computer,  or  any  computer  that  haa  a  32  bit 
word.  It  won't  happen  on  CDC  or  UNIVAC 
computer a. 

Mr.  Shim  I  used  M8C  NASTRAN,  end  I  am  not  euro 
whether  exactly  the  aame  bug  ie  in  there  or  not, 
but  I  doubt  it.  Another  had  option  in  NASTRAN 
ia  if  you  have  1,000  or  2,000  degraea  of 
freedom,  whioh  are  oonatrainad  out  of  3,000 
degree*  of  freedom,  you  need  storage  apaoe  for  a 
6,000  degree  of  froedom  ayatem.  Something  has 
to  be  done  about  that*  othsvwiae,  you  oan't  run 
it.  My  largest  problem  eiae  wax  a  24,000  degree 
of  freedom  eyetem  for  a  suppression  pool 
anal  ye ie  which  had  about  16,000  degrees  of 
freedom  that  should  be  constrained  biuauae  tha 
preseure  mode  had  only  one  degree  of  freedom  per 
node.  We  discovered  that  later.  We  found  tha 
way  to  get  rid  of  that  from  the  beginning  eo  I 
didn't  have  to  deal  with  the  3  sice  and  use  much 
more  cor#  than  I  actual ly  needed. 
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FLUID-STRUCTURE  INTERACTION  BY  THE  METHOD  OF  CHARACTERISTICS 


Franklin  D.  Halna 
Naval  Surfec*  Weapon*  Cantar 
White  Oak,  Silver  Spring,  Maryland 


Llnearlaed  formulations  for  the  preaaure  loading  on  submerged  atructure*  are 
Inadequate  when  applied  to  Impulsive  load*  from  atrong  underwater  ahock  wave*.  The 
1  Imitation*  are  dlacuaaed  briefly,  and  a  new  approach  bated  on  the  method  of 
characteriatlca  It  preaented.  A  non-linear,  exact  relation  la  obtained  for  the 
preaaure  loading  on  a  compliant  atructure  produced  by  a  plane  ahock  wav*.  The 
characteriatlca  In  the  physical  and  atat*  planet  are  detcrlbed  for  the  Interaction 
of  three-dlmenalonal,  curved  ahock  front*  with  a  atructure.  An  approxlmete, 
non-linear  relation  la  obtained  for  Impulaive  ahock  loading  on  compliant  aurface* 
by  curved  shock*.  Thl*  relation  can  be  uiad  to  Improve  the  accuracy  of  computer 
codet  that  currently  uae  linearized  Interaction  formulations. _ 


INTRODUCTION 

The  reflection  of  an  underwater  ahock 
from  a  aubmerged  atructure  leads  to  a  complex 
fluid-structure  Interaction  problem.  The 
approach  that  Is  generally  us«d  to  solve  this 
problem  It  to  decouple  the  fluid  mechanics 
from  the  structural  mechanic*  (1).  The 
preaaure  loading  Is  expressed  at  a  function 
of  two  variables:  lh*  pressure  Meld  on  a 
rigid  structure,  and  the  velocity  of  the 
surf  ecu  of  the  atructure.  For  relatively 
weak  shocks  moving  Juat.  above  the  speed  of 
sound,  this  llnearlaed  approximation  may  be 
adequate  at  long  at  the  structural  velocity 
dona  not  Increase  to  auch  an  extent  that  the 
theory  predicts  unreal  1  attic  negative  values 
of  preaaure  that  pull  back  on  the  moving 
surface.  Some  computer  codes  that  handle 
fluid-structure  Interaction  problems  appear 
to  have  no  restrictions  on  the  magnitude  of 
tension  the  water  can  sustain.  The  output 
from  that*  codet  often  do  not  Include  plots 
of  the  computed  pressure  loading  on  the 
moving  surface  of  the  structure.  Without 
knowing  the  actual  pressure  loading  that 
produces  the  deformation  of  the  structure,  it 
It  difficult  to  piece  much  confidence  In  the 
numerical  results  generated  by  such  codes. 

In  general,  the  fluid-structure 
Interaction  problem  It  non-linear,  and  the 
pressure  loading  at  any  Instant  In  time  Is  a 
function  of  the  previous  history  of  the 
motion  of  the  structure.  In  this  paper,  the 
method  of  characteristics  Is  used  to  obtain  a 
non-llneer  approximation  for  the  pressure 
loading  which  (s  Independent  of  the  previous 


history  of  the  motion.  This  approximation 
can  be  used  to  Improve  the  accuracy  of 
fluid-structure  Interaction  computer  codes. 

A  MODIFIED  EQUATION  OF  STATE  FOR  WATER 

The  reflection  of  a  shock  from  an 
underwater  structure  compresses  the  water  In 
contact  with  the  wall.  Aa  tht  Increaatd 
preaaurt  begin*  to  move  the  wall,  the  watar 
alio  movta  with  It,  but  the  volume  of  a 
moving  alamant  of  water  alto  Inert****.  Thl* 
volumetric  change  leads  to  a  reduction  In  the 
density  of  the  water  which,  in  turn,  leads  to 
a  reduction  in  pressure.  Very  often,  the 
pressure  will  fell  below  atmospheric,  and 
cevltetlon  will  occur.  In  thl i  paper,  the 
water  Is  treated  as  s  continuum  evon  If 
cavitation  occurs. 

The  Talt  equation  of  state  for  water  Is 

p*  -  a  [#*]•  -  b  (1) 

where  e  ■  3001,  b  ■  3000,  end  g  ■  7.15.  The 
pressure  In  atmospheres  Is  related  to  the 
dimensionless  pressure  p*  by 

P  •  PoP*  (2) 

where  pp  Is  the  pressure  at  e  referenct 
state  which  Is  chossn  here  as  on* 
atmosphere.  Similarly,  the  witer  density  In 
grams  per  cubic  cantlmeter  It  related  to  the 
dimensionless  density  o*  by 

o  ■  con*  (3) 


33 


C  PREVIOUS  PAQE 
IS  BLANK 


dmuyyiedi^iarfiail^AwhAaakadie^i 


where  p0  it  th*  water  density  at  the 
rafartnea  state.  In  this  paper,  all 
quantities  with  an  asterisk  (*)  are 
dimensionless  quantities. 

As  Indicated  In  Figure  1,  the  pressure 
can  go  negative  If  the  density  Is  reduced 
sufficiently.  With  the  standard  Talt 
equation,  the  pressure  drops  to  *3000 
atmospheres  when  the  density  reaches  zero. 
Such  high  values  of  tension  are  not 
realistic.  The  Talt  equation  can  be  modified 
by  resetting  the  coefficients  a,  b,  and  g  to 
a  new  set  of  values  A,  B,  and  Q  when  pressure 
p*  drops  below  1.0.  The  constant  B  (or  b  In 
the  case  of  the  Talt  equation)  Is  equal  to 
the  absolute  value  of  p*  when  the  density 
vanishes.  As  shown  In  Figure  1,  the  values 
of  the  constants  A  and  Q  are  chosen  so  that 
the  dashed  curves  merge  Into  the  solid  Talt 
equation  curva  so  that  the  slopes  and  values 
are  continuous  at  point  J.  In  this  way,  the 
state  of  the  water  Is  represented  by  a 
continuous  curve  so  that  the  sound  speed  Is 
also  continuous. 

The  speed  of  sound  for  low  pressures  can 
be  computed  from  the  expression 


c  ■4/t 


(4) 


Since  the  slope  of  the  state  equation  plotted 
In  Figure  1  approaches  zero  as  the  water 
density  Is  reduced,  the  speed  of  sound  also 
approaches  zero  with  the  density,  with  this 
modification  of  the  Talt  equation,  water  can 
be  treated  as  a  continuum  with  continuous 
changes  In  pressure,  density,  and  sound 
speed,  even  though  cavitation  may  occur. 

REFLECTION  OF  A  PLANE  SHOCK  HAVE 

The  dynamics  of  shock  wave-structure 
Interaction  can  best  bu  understood  by  first 
treating  a  simple  problem  In  a  number  of 
logical  steps.  To  accomplish  this,  we  have 
chosen  the  configuration  shown  In  Figure  2 
where  a  plane  shock  approaches  a  wall.  The 
conditions  behind  tha  shock  are  assumed  to  be 
uniform,  leading  to  the  step  function 
distribution  in  pressure  shown  at  the  bottom 
of  the  figure.  Tha  pressure  Is  raised  from 
the  ambient  level  pc  to  the  level  p< 
behind  the  Incident  shock. 

The  pressure  loading  after  shock 
reflection  is  dependent  on  the  physical 
characteristics  of  the  structure.  If  the 
structure  Is  perfectly  rigid  so  that  It 
cannot  move,  as  shown  In  Figure  3,  a 
reflected  pressure  denoted  by  P  Is  produced 
In  the  region  between  the  shock  and  the 
wall.  On  the  other  hand,  If  the  structure  Is 
compliant  and  begins  to  move  under  the 
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Initial  reflected  pressure  loading,  expansion 
waves  will  be  emitted  by  the  moving  wall  as 
shown  In  Figure  4.  A  train  of  these 
expansion  waves  Is  shown  at  the  top  of  the 
figure,  and  the  corresponding  pressure 
distribution  Is  shown  at  the  bottom.  The 
actual  pressure  exerted  on  the  wall  which 
produces  the  motion,  which  Is  detonated  by 
Pw,  Is  the  combined  result  of  the  motion 
shock  waves  and  expansion  waves. 

The  trajectory  of  the  wall  Is  shown  In 
the  physical  plane  presented  on  the  left  side 
of  Figure  5.  After  the  reflected  shock 
produces  a  peak  pressure  P  in  region  1  which 
starts  the  wall  moving,  expansion  waves  move 
back  Into  the  water  along  the  II  family  of 
characteristics.  Along  the  characteristics, 
the  compatibility  conditions  given  In 
Reference  2  require 

dp  »  +»cdu  (6) 

where  the  plus  and  minus  signs  apply  to  the 
II  and  I  families  of  charactorl sties  In  the 
state  plane,  respectively.  In  the  state 
plane  shown  on  the  right  side  of  Figure  6, 
the  characteristics  are  straight  lines. 

There  Is  a  change  In  slope  of  the 
characteristics  when  the  coefficients  In  the 
modified  state  equation  change  their  values 
abruptly  at  tha  point  where  the  pressure 
drops  below  atmospheric. 

The  density,  sound  speed,  water 
velocity,  and  peak  pressure  are  related  to 
their  dimensionless  values,  indicated  by  an 
asterisk,  through  the  expressions 
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where  pe,  p0  and  c0  are  the  reference 
values  of  pressure,  density  and  sound 
velocity,  respectively.  In  terms  of  these 
variables,  the  Integration  of  Equation  (5) 
along  the  I  family  characteristic  In  the 
state  plane  leads  to 
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If  the  acoustic  Impedance  p*c*  ■  1, 
Equation  (7)  reduces  to  the  familiar 
linearized  expression 


(7) 


p*  ■  P*  -  agu* 


(8) 


given  In  Reference  1.  In  this  acoustic 
approximation,  the  density  and  sound  speed  of 
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the  water  Mill  change  acres  a  shock,  but 
Mill  renal n  constant  after  the  shock  passes. 
Also,  all  expansion  and  compression  Mavas 
will  stove  at  the  saate  sound  spaed,  and  the 
water  velocity  adjacent  to  a  moving  wall  must 
always  be  small  compared  to  the  sound  speed. 

With  the  aid  of  Equations  (1)  and  (4), 
the  exact  expression  for  the  acoustic 
Impedance  1; 

-  [p*]"  (9) 

where 


.IL 

*9  (10) 


Substitution  of  Equation  (9)  Into  Equation 
(7)  leads  to  the  exact,  non-linear  prershre 
relation 


p*  -  -b  +  a  Cc*31/m  (11) 


where 


velocity  will  produce  cavitation  and  unload 
the  structure.  This  exact  solution  for  a 

?1ane  shock  In  water  shows  that  only  a 
1 ml  ted  amount  of  energy  can  be  transferred 
to  an  underwater  structure  because  of  the 
pressure  release  produced  by  the  motion  of 
the  structure. 

A  comparison  of  the  numerical  results 
using  the  non-linear  and  linear 
fluid-structure  Interaction  relations  Is 
shown  In  Figure  S.  The  1  Inearl  ted  solutions 
(dashed  lines)  were  obtained  from  Equation 
(8),  and  the  non-linear  solutions  (solid 
curves)  were  obtained  from  Equation  (11). 

The  curves  were  computed  for  P*  spanning  the 
range  from  4  to  40,000  atmospheres.  If  the 
two  curves  that  correspond  to  a  particular 
value  of  P*  are  examined,  It  Is  clear  that  at 
the  same  wall  velocity  the  linear  theory 
predicts  a  higher  pressure  on  the  structure 
than  the  exact  theory.  This  means  that,  In 
the  absence  of  negative  pressure  loadings, 
the  Unearned  theory  will  predict  a  larger 
maximum  displacement  of  a  atructura  than 
actually'  occurs. 


tquatlon  111)  relates  the  pressure  noting  on 
the, wall  jo.the  -iloclty  tno  wall,  %-te 
that  In  tl<1t  casn  the  preiwu.'e  at  eiy  Instant 
la  independent  of  tha  previous  history  of  the 
wall  mbtlon. 

Referring  to  Figure  S,  the  shock  wave 
rultea  c*  from  1.0  In  region  A,  to  2.0  in 
region  1.  Because  u*  Is  still  sera,  the 
wete*  In  contact  with  the  wall  has  been 
Instantaneously  compressed  by  the  shock,  but 
has  not  hien  set  Inti,  mptlor,  As  tno  we’ll 
oeglni  to  move,  the  pasture  Voiding 
decrease*  In  accordance  with  Equation  (11). 
tipuiston  wavoo  art  emitted  by  the  wall  as  ■ 
shown  in  tha  physical  plana  of  Flguro  6.  The 
wator  t,.at  Is  in  contact  with  tho  wall 
remains  in  contact  with  tht  wall  as  It 
novo*.  Aqy  things  in  pressure  is  always 
accoupanlsd  by  a  change  In  wator  density  as 
prescrlbad  by  Equation  (1). 

Tha  numerical  values  of  points  1  through 
4,  shown  In  tha  state  plane  of  Figure  5,  ere 
obtained  from  Equation  (13).  Tho  points  fall 
on  a  characteristic  of  vho  I  family.  If  the 
pressure  drops  below  in  atmosphere,  the  slope 
of  tho  cherictorletlc  Increases  drimetlMlIy 
so  that  ary  further  smal  l  Increase  In  wal1* 


Tha  maximum  velocity. of  tho  wall  la 
reached  whorl  the  wall  pressure  P*  vanishes. 
Using  Equation  (8).  tHe  maximum  velocity 
attainable  in  the  ilMirlxed  case  is 

linear*  py(«o)  <»4) 

The  tornerttrtd'ng  vwluo  In  the  non-linear 
case 

M  non-linear  *  5* 

[C4-r -(!)'] 

where  m  Is  given  by  Equation  (12).  The  ratio 
of  these  maximum  velocity  values  Is  defined  as 


Using  values  of  e,  b,  end  g  corresponding  to 
the  Taft  equation,  the  values  of  R  shown  In 
Figure  7  ware  computed.  The  error  associated 
with  the  linearised  theory  Increases  with 
shock  strength  as  rwn-1  Inear  effects 
predcml nate. 

REFLECTION  OF  A  CURVED  SHOCK 

Most  shocks  of  practical  Interest  are 
three-dimensional  In  nature,  and  therefore, 
have  e  curved  shape.  The  surface  area  of  a 
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curved  shock  tends  to  Increase  with  tine,  and 
Its  strength  tends  to  decrease  with  time.  As 
shown  In  Figure  8,  a  curved  shock  Is  weakened 
by  a  train  of  expansion  waves  emitted  by  the 
shock  as  It  novas  through  the  water.  These 
waves  produce  the  Inpul  si ve  pressure 
distribution  shown  at  the  bottom  of  the 
figure.  The  reflection,  of  a  curved  shock 
from  a  rigid  wall  Is  Illustrated  In  Figure 
g.  After  reflection,  the  surface  area  of  the 
shock  front  continues  to  Increase,  and  the 
shock  is  weakened  further  by  the  emitted 
expansion  waves.  These  waves  move  toward  the 
well  and  serve  to  reduce  the  Increase  In  wall 
pressure  Initially  Imparted  by  the  reflected 
shock.  The  resultant  pressure  loading  on  the 
wall  Is  Impulsive,  and  decays  rapidly  with 
time. 

If  the  wall  Is  compliant,  so  that  It 
begins  to  move  under  the  applied  Impulsive 
loading,  It  will  also  emit  Its  own  train  of 
expansion  waves  as  shown  In  Figure  10.  These 
weves  tend  to  reduce  the  wall  pressure 
further  to  that  the  loading  becomes  even  more 
Impulsive.  This  can  be  seen  from  the 
pressure  distributions  shown  In  Figures  9  and 

An  overall  view  of  the  shock-structure 
Interaction  Is  shown  In  Figure  11.  The 
deceleration  of  the  Incident  and  reflected 
shocks  by  the  emitted  expansion  waves 
produces  the  curved  paths  shown  In  the 
diagram.  If  the  shocks  were  plane  Instead  of 
curved,  no  expansion  waves  would  be  emitted 
hy  the  shocks  end  the  paths  would  be  straight 
lines.  The  pressure  loading  produced  by  the 
reflected  shock  Is  modified  by  expansion 
waves  omitted  from  the  reflected  shock  and  by 
expansion  waves  emitted  from  the  moving 
wall.  When  the  wall  hat  reached  Its  maximum 
velocity  and  begins  to  decelerate,  It  starts 
to  emit  compression  waves  Instead  of 
expansion  waves.  These  compression  waves 
will  eventually  overcome  the  Influence  of  the 
expansion  waves  from  the  shock  to  that  the 
pressure  loading  reaches  e  minimum  and  begins 
to  Increase,  producing  a  secondary  pressure 
peak. 


The  physical  and  state  planet  for  curved 
shock  reflection  from  a  compliant  wall  are 
shown  In  Figure  12.  Because  waves  of  both 
families  of  characteristics  Impinge  on  the 
wall,  the  path  of  conditions  In  the  state 
plane  for  regions  1  through  7  follow  a  zigzag 
path.  The  simple  Integration  of  Equation  (6) 
used  for  plane  shocks  It  no  longer  possible 
because  of  the  continual  change  In  sign  of 
the  right-hand  tide  of  the  equation  as  the 
solution  Jumps  from  one  family  of 
characteristics  to  the  other.  This  means  the 
wall  pressure  at  any  Instant  In  time  is 
dependent  not  only  on  the  current  wall 
velocity,  but  It  a  function  of  the  previous 


history  of  the  notion  of  the  wall.  The 
pressure  loading  can  be  computed  step-wise  In 
time  by  the  conputatlonal  technique  described 
In  Reference  3. 

A  NON-LINEAR  APPROXIMATION  FOR  FLUID- 
STRUCTURE  INTERACTION 

It  it  deslreable  to  have  a  fluid- 
structure  Interaction  model  that  hat  greater 
accuracy  than  the  linearized  theory,  but  It 
not  at  complicated  at  the  exact  method  of 
characteristics.  This  can  be  accomplished  by 
a  modification  of  the  exact  solution 
presented  earlier  for  a  plane  shock  wave. 

Whan  a  rigid  wall  It  struck  by  a  plane  shock, 
the  pressure  loading  hat  the  constant  value 
P*.  If  a  rigid  wall  Is  struck  hy  a  curved 
shock,  the  pressure  loading  has  an  impulsive 
distribution  denoted  by  pR.  In  Equation 
(11),  the  fluid-structure  Interaction 
equation  for  a  plane  shock,  the  pressure 
loading  It  a  function  of  the  local  sound 
speed  of  the  water  In  contact  with  the  wall. 
At  Indicated  by  Equation  (131,  the  sound 
speed  for  the  plane  shock  cate.  It  a  function 
of  P*,  the  rigid  wall  pressure  loading.  In 
the  curved  shock  cate,  it  It  reasonable  to 
replace  P*  In  Equation  (13)  hy  pr  so 
that  Equation  (13)  becomes 


p*  *  bl  ffl 


Now,  the  sound  speed  c*  on  the  wall  It 
Influenced  by  expansion  waves  from  the  shock 
at  well  at  by  expansion  waves  emitted  from 
the  moving  wall.  Substitution  of  Equation 
(17)  into  Equation  (13)  leads  to  the 
non-linear  fluid-structure  Interaction  formula 
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where  a,  b,  and  g  are  coefficients  In  the 
Talt  equation  of  state  for  water.  These 
coefficients  are  replaced  by  A,  8,  and  Q 
where  the  pressure  fells  below  one 
atmosphere,  if  the  changes  In  u*  are  small, 
Equation  (18)  reduces  to  the  linearized 
formula  given  by  Equation  (8). 

The  physical  and  state  planes  that 
correspond  to  this  approximation  are  shown  In 
Figure  13.  Across  the  dashed  horizontal 
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lines  shown  In  the  physical  plane,  there  Is 
an  Instantaneous  drop  In  c*  as  Indicated  by 
the  vertical  dashed  lines  In  the  state 
plane.  Because  this  drop  occurs  without  any 
change  (n  wall  velocity  u*,  Equation  (17) 
shows  that  the  drop  Is  a  result  of  the  decay 
of  p{  with  time.  The  change  across  the 
11  family  of  characteristics  In  the  physical 
plane  Is  along  the  I  fatally  of 
characteristics  In  the  state  plane.  Thus, 
the  path  from  region  1  to  region  7  In  the 
state  plane  is  comprised  of  segments  alone  1 
family  characteristics  separated  hy  vertical 
Jumps  between  characteristics.  Since  the 
path  Is  only  along  one  family  of 
characters  sties,  Equation  (5)  can  be 
Integrated  as  before  using  only  the  negative 
sign  of  the  right-hand  side  of  the  equation. 
The  final  result  of  this  Integration  Is 
Equation  (IS). 

A  comparison  of  the  paths  In  the  state 
planes  of  Figures  (10)  and  (13)  suggests  that 
this  non  linear  approximation  should  give 
results  In  close  agreement  with  the  exact 
solution  by  the  method  of  characteristics. 

The  use  of  the  non-linear  formulation  In 
structural  codes  can  be  Implemented  In  two 
ways.  The  satisfaction  of  Equation  (18)  at 
any  time  step  can  be  met  through  an 
Interatlon  procedure,  or  Equation  (18)  can  be 
satisfied  one  time  step  later. 

CONCLUSIONS 

Underwater  fluid-structure  Interaction 
for  pressure  loadings  from  plane  and  curved 
shocks  has  been  studied  with  the  method  of 
characteristics.  The  Talt  equation  of  state 
for  water  was  modified  to  handle  the  low 
pressure  and  negative  pressure  regime  where 
cavitation  can  occur.  With  the  modified 
equation  of  state,  the  weter  can  be  treated 
at  a  continuum  over  the  entire  pressure 
1  ceding  regime. 


An  exact  expression  was  obtained  for  the 
pressure  loading  from  a  plane  shock  wave 
which  la  modified  by  wall  motion.  Comparisons 
with  the  corresponding  expression  from 
linearized  theory  shows  that  for  the  same 
wall  velocity,  linearized  theory  predicts  a 
higher  pressure  loading  than  the  exact 
theory.  This  means  that  linearized 
expressions  for  fluid- structure  Interaction 
tend  to  overpredict  the  deformation  of 
submerged  structures  from  underwater  shocks. 

An  approximate,  non-linear  fluid 
structure  Interaction  relation  was  obtained 
for  the  cate  of  Impulsive  pressure  loading 
from  a  curved  shock  wave  acting  on  a 
compliant  structure.  In  the  limit  of  weak 
shocks,  this  expression  reduces  to  the 
linearized  expression  obtained  by  acoustic 
theory. 
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DISCUSSION 


Nr.  Kailnowskl  (Nival  Unflerwttsr  Syetsns 
Center)  i  is  it  possible  to  apply  these 
procedures  to  two  dimsnsior.il  or  terse 
dimensional  finite  element  or  finite  difference 
computational  schemes? 

Mr.  Heins »  You  miyht  have  a  problem  if  your 
formulation  is  in  ths  form  of  s  linsar  relation 
so  it  can  handle  matrices  and  so  on»  you  may 
hava  to  devise  some  iteration  scheme  since  the 
formula  is  nonlinear. • 

Mr.  Kelinoweklr  I  see.  Yes,  meny  cf  the  time 
schemes,  nonlinear  schemer,  K»ep  ohenjing  ths 
matrices  as  thsy  ad  vatic#  in  time,  so  1  would 
think  you  would  be  ibis  to  incorporate  it  than • 


A  Solution  to  the  Axisynmetric  Bulk  Cavitation  Problem 


Frederick  A.  Costanzo  and  John  D.  Gordon 
David  Taylor  Naval  Ship  Research  and  Development  Center 
Underwater  Explosions  Research  Division 
Portsmouth,  Virginia 


Physics i  considerations  are  applied  to  the  analysis  of  bulk 
cavitation  in  order  to  derive  an  existing  method  for  deter¬ 
mining  the  upper  and  lower  cavitation  boundaries.  Then,  a 
closure  model  is  developed  which  uses  the  upper  and  lower 
cavitation  boundaries  as  input  and  computes  the  time  and 
depth  of  bulk  cavitation  closure,  as  well  as  the  magnitude 
of  the  pressure  pulse  generated  by  the  water  hammer. 
Finally,  an  illustration  is  given  on  how  to  predict  pressure 
and  water  particle  velocity  histories  associated  with  the 
bulk  cavitation  phenomenon. 


INTRODUCTION 


OBJECTIVES 


Due  to  the  recent  shock  tests  of  the  nuclear 
guided  missile  cruiser,  USS  ARKANSAS  (GGN-41), 
there  has  been  a  rapid  growth  of  interest  sur¬ 
rounding  the  phenomenon  of  bulk  cavitation. 

Bulk  cavitation  occurs  when  compression  waves, 
which  are  generated  by  the  underwater  detona¬ 
tion  of  an  explosive  charge,  propagate  to  the 
surface  and  are  reflected  back  into  the  water 
as  rarefaction  waves.  These  rarefaction  waves 
cause  a  state  of  tension  to  occur  within  a 
large  region  of  water,  since  water  cannot 
ordinarily  sustain  a  significant  amount  of  ten¬ 
sion,  it  cavitates  and  the  surrounding  pressure 
rises  to  the  vapor  pressure  of  water.  The 
region  in  which  this  occurs  is  known  as  the 
bulk  cavitation  region,  and  it  includes  all 
water  which  cavitates  at  any  time  after  the 
detonation  of  the  explosive  charge.  The  upper 
and  lower  boundaries,  which  show  the  maxiimm 
extent  of  the  cavitated  region,  form  what  is 
referred  to  as  the  bulk  cavitation  envelope. 

It  is  the  extent  of  the  cavitated  region  and 
the  effects  brought  about  by  the  contraction  or 
closure  of  this  region  which  is  currently  of 
major  concern. 


The  objectives  of  this  investigation  are: 
first,  to  develop  a  method  for  determining  the 
times  and  depths  of  closure  of  the  bulk  cavita¬ 
tion  region  which  is  consistent  with  the  calcu¬ 
lations  for  the  cavitation  envelope;  and  second, 
to  use  these  computed  closure  times  and  depths 
in  predicting  the  pressure  and  water  particle 
velocity  histories  at  any  location  within  the 
range  of  bulk  cavitation. 

APPROACH 

In  this  study,  the  method  of  Arons  [2]  for 
determining  the  bulk  cavitation  boundaries  is 
derived  from  physical  considerations.  Next,  a 
new  model  for  determining  the  depths  and  times 
of  cavitation  closure  is  developed  using  the 
cavitation  boundaries  found  by  the  method  of 
Arons  as  input.  Finally,  the  results  obtained 
from  this  new  model  are  used  in  conjunction 
with  plane  wave  acoustics  to  predict  pressure 
and  wutor  particle  velocity  histories.  Through¬ 
out  this  entire  study,  the  effects  of  a  reflect¬ 
ing  bottom  are  neglected  and  a  free  field 
condition  is  assumed, 


The  existing  method  by  Walker-  and  Gordon 
[1]  for  calculating  the  bulk  cavitation  closure 
depths  and  times  has  been  shown  to  be  inconsist¬ 
ent  with  calculations  for  the  cavitation 
boundaries.  As  a  result  of  this,  a  new  bulk 
cavitation  closure  theory'  which  will  be  consist¬ 
ent  with  these  cavitation  boundaries  must  be 
developed . 


STATEMENT  OF  THE  PROBLEM 

An  explosive  charge  of  weight,  W,  detonated 
in  water  at  a  depth,  D,  is  considered.  The 
water  in  the  vicinity  of  the  charge  is  ussumed 
to  be  infinitely  deep.  Attention  is  focused  on 
a  pressure  gage  located  at  a  point  (X,  Y)  as 
shown  in  Fig.  1.  Upon  detonation,  a  compres¬ 
sive  shock  wave  is  generated  and  radiates 
spherically  away  from  the  source.  Before  this 
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Fig.  1  •  Incident  and  Reflected  Wave  Paths 


Absolute  Pressure  at  a  Point 


compressive  wave  reaches  the  gage  location  by 
traveling  along  line  0*1,  the  gage,  assuming 
for  illustration  purposes  that  it  is  an  abso¬ 
lute  pressure  gage,  measures  a  pressure  denoted 
bv  line  A-B  in  Fig.  2.  This  pressure  is  simply 
the  sum  of  the  atmospheric  and  hydrostatic  pres¬ 
sures  at  the  gage  location.  When  the  shock  wave 
arrives  at  the  point  (X,  Y),  the  pressure  jumps 
to  point  C  and  then  decays  exponentially  along 
the  curve  C-D.  In  Fig.  1,  line  0-2  represents 
a  particular  path  of  the  shock  wave  which  trav¬ 
els  to  the  surface.  Since  the  specific  acous¬ 
tic  Impedance  of  air  is  much  less  than  that  of 
water,  a  rarefaction  wave  is  reflected  back 
into  the  water  along  segment  2-1.  The  arrival 
of  this  reflected  wave  at  the  gage  location  is 
termed  surface  cutoff  and  is  illustrated  in 
Fig.  2  by  a  sudden  drop  in  the  absolute  pressure. 
This  concept  of  surface  cutoff  is  made  clearer 
by  depicting  the  rarefaction  wave  as  emanating 
from  an  image  charge,  Wj,  and  propagating  along 
lino  3-2-1  In  Fig.  1.  This  is  known  as  the 
method  of  images  for  computing  surface  cutoff 
and  is  valid  since  the  distance  3-2-1  equals 
the  distance  0-2-1.  Fig.  2  illustrates  that 
the  rarefaction  wave  tries  to  lower  the  abso¬ 
lute  pressure  at  the  gage  location  to  one  of 
three  levels;  greater  than  the  vapor  pressure 
of  water  (B),  less  than  the  vapor  pressure  of 
water  but  greater  than  the  cavitation  pressure 

£) ,  or  less  than  the  cavitation  pressure  (G) . 

re,  the  cavitation  pressure  is  defined  as  the 
pressure  at  which  the  water  breaks.  The  next 
section  describes  how  the  method  of  Arons  [2] 
is  used  to  map  out  the  bounds  of  the  cavitated 
region  that  forms  when  surface  cutoff  tries  to 
lower  the  absolute  pressure  below  the  cavita¬ 
tion  pressure. 


DERIVATION  OF  THE  METHOD  OF  ARONS  AND  THE 
TANGENT  RULE 

Let  P  be  the  absolute  pressure  (overpressure 
+  atmospheric  +  hydrostatic)  at  a  point  (X,  Y) 
in  the  water  at  an  Instant  prior  to  the  arrival 
of  the  reflected  wave  from  the  surface,  Then 
let  P  be  a  function  of  the  coordinate*  a  and  r 
as  shown  in  Pig.  1;  i.e,,  P  ■  P(a  ,r),  Accord¬ 
ing  to  Arons  12],  the  upper  cavitation  boundary 
is  defined  as  the  locus  of  points  at.  which  the 
absolute  pressure  drops  to  the  cavitation  pres¬ 
sure  (a  negative  pressure  of  a  few  psi)  upon 
arrival  of  the  rarefaction  wave.  Water  which 
is  in  cavitation  will  remain  cavitated  as  long 
as  the  absolute  pressure  does  not  rise  above 
the  vapor  pressure  of  water  (about  0.3  psi). 

In  the  method  of  Arons  [2],  both  the  vapor 
pressure  of  water  and  the  cavitation  pressure 
are  taken  to  be  zero,  Thus,  the  equation  defin¬ 
ing  the  upper  cavitation  boundary  is 

P(o,r)  ♦  Pr  -  0  (1) 

If  Pr  ,  the  reflected  wave,  is  expressed  in 
terms  of  the  charge  weight  and  standoff  using 
the  method  of  images,  then  Pr  ■  -AfW1' 3/r)°, 


Substitution  of  this  expression  in  Eq.  (1)  gives 
P(o,-.)  -  A(W1/3/r)B  -  0  (2) 


Here  A  and  B  are  constants  particular  to  thf 
type  of  explosive. 

Before  the  cavitation  boundary  is  discussed, 
the  term  breaking  pressure  must  bo  defined.  Tho 
breaking  pressure  is  the  magnitude  of  the  rare¬ 
faction  wave  (or  relief  wave,  a a  it  is  commonly 
termed)  which  reduces  tho  absolute  pressure  at 
a  point  to  the  cavitation  pressure.  In  other 
words,  since  the  cavitation  pressure  is  takon 
to  be  0  psi  absolute,  the  breaking  pressure  has 
a  magnitude  equal  to  the  absolute  pressure  at  a 
point  prior  to  the  occurrence  of  cavitation  at 
that  point.  The  equation  of  the  lower  cavita¬ 
tion  boundary  is  derived  from  consideration  of 
the  propagation  of  this  breaking  pressure  into 
tho  uneavitutod  water  beneath  this  boundary, 

Let  Pr  ■  P(a,R)  bo  the  breaking  pressure  for  a 
point  lying  at  the  lower  cavitation  boundary. 

At  this  lower  boundary,  P(a,R)  must  propagate 
into  uncavitated  water  with  spherical  attenua¬ 
tion  resulting  in  Pr  ■  P(cuR)  x  (R/r)“.  This  is 
represented  in  Fig.n3,  This  pressure  expression, 
Pr  ■  P(a,R)  x  (R/r)B,  must  have  a  faster  decay 
rate  than  the  general  expression  for  absolute 
pressure,  P  *  P(a,r),  or  the  water  located  along 
the  dashed  line  extending  below  the  lower  cavi¬ 
tation  boundary  will  continue  to  cavitate. 

Thus,  at  a  point  on  the  lower  cavitation  bound¬ 
ary,  tho  decay  rate  of  both  of  these  pressure 
expressions  is  the  same.  Therefore: 

4[P(a,R)*(R/r)B]|  -  4[PC«,r)] 

or  |r-R  ar  r-R 

If  all  terms  of  this  equation  are  shifted  to 
one  side  of  tho  equal  sign  and  r'B  Is  factored 
out,  then  application  of  the  chain  rule  to 
differentiation  of  a  product  results  in: 

4r[rBxP(a,r)-P(o,R)*RBl|  -0 

I  r-R 

This  expression  mav  be  simplified  further  by 
recognizing  that  the  product,  P(o,R)  x  R®,  per¬ 
tains  to  a  specific  point  and  thus  may  be 
troated  as  a  constant  when  differentiating. 
Therefore,  this  equation  becomes: 

•gy  [rB  *  P(o»r)  ]  ■  0  (3) 


where  r-R,  the  point  at  the  lower  cavitation 
boundary  for  a  given  a.  Eq.  (3)  is  the  method 
of  Arons  [2]  for  determining  the  lower  cavita¬ 
tion  boundary.  It  is  equivalent  to  tho  equa¬ 
tion  presented  for  this  method  in  the  report  by 
Gaspin  and  Price  [3], 

In  Pig.  4.  the  general  shape  of  the  bulk  cav¬ 
itation  envelope  as  determined  by  the  method  of 
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Aron*  [2]  is  given.  It  is  of  fundamental  inter¬ 
est  to  the  bulk  cavitation  problem  to  locate  the 
point  at.  which  a  line  drawn  from  the  image 
charge  is  tangent  to  the  upper  cavitation 
boundary.  For  the  derivation  of  this  tangent 
point,  both  sides  of  Bq,  (2)  are  multiplied  by 
r“  and  the  resulting  equation  and  its  total 
derivative  with  respect  to  r  are  written  below 
as  Eqs.  (4}  and  (5),  respectively. 

rB«P(a,r)  -  A(W1/S)B  -  0  (4) 


-^(^xPCa.rJ-AfW173)®] 

-  *]^;[rBxP(a,r)] 

+  -fetrB«P(o,rnx^  -  0  (S) 


For  a  given  value  of  da/dr,  the  simultaneous 
solution  of  these  two  equations  gives  the  corre¬ 
sponding  values  of  a  and  r.  When  the  ray 
extending  from  the  image  charge  ia  tangent  to 
the  upper  cavitation  boundary,  a  is  a  maxinun 
and  da/ dr  -  0.  When  this  value  for  da/dr  is 
substituted  into  Bq.  (S),  the  following  is 
obtained: 

■^[rBxP(a,r)l  -  0  (6) 

therefore,  the  simultaneous  solution  of  Bqs.  (4) 
and  (4)  gives  the  values  of  o  and  r  at  the  ten¬ 
ant  point.  Eq,  (6)  alao  happen*  to  be  equiva- 
ent  to  Bq.  (3),  the  equation  whole  aolution 
determine*  the  lower  cavitation  boundary.  Thii 
Indicate*  that  the  io»or  and  upper  cavitation 
boundaries  intersect  at  the  point  at  which  a 
line  drw.,.1  from  the  image  charge  ia  tangent  to 
tho  upper  boundary.  Thii  rule  of  tongency  is 
alao  illustrated  in  Fig.  (4). 


DEVELOPMENT  OF  THE  CLOSURE  MODEL 
General  Description 

In  Fig.  S,  the  general  representation  of  a 
point  which  lies  within  the  cevitated  region  ia 
given.  Upon  the  arrival  of  the  relief  wave  at 
thia  point,  the  vertical  component  of  the 
instantanecua  water  particle  velocity  is  the 
vector  sum  of  the  vertical  consonants  of  the 
two  velocity  vectors  shown  in  Fig.  5.  This 
vector  sun  is  termed  the  vortical  water  particle 
kickoff  velocity  at  point  (X,  Y)  and  is  depend¬ 
ent  solely  upon  the  magnitudes  and  directions  of 
the  incident  and  reflected  acoustic  water  par¬ 
ticle  velocities,  The  directions  of  these  _ 
velocities  are  definod  by  the  unit  vectors,  i 
and  3,  as  shown  in  the  figure. 

At.  every  horizontal  range  within  the  extant 
of  the  bulk  cavitation  envelope,  there  exists  a 


column  of  water  which  lies  between  the  surface 
and  the  upper  cavitation  boundary.  Since  this 
water  does  not  cavitAte,  it  is  assumed  that  all 
water  particles  contained  in  this  vertical  col¬ 
umn  are  kicked  off  simultaneously  with  the  kick¬ 
off  velocity  of  the  water  particle  located  at 
the  upper  cavitation  boundary.  This  is  illus¬ 
trated  in  Fig.  6.  This  surface  layer,  which  is 
kicked  off  at  the  time  of  relief  wave  arrival 
at  the  upper  cavitation  boundary  with  an  initial 
volocity,  Vq,  is  decelerated  by  atmoapheric 
pressure  and  gravity.  At  a  short  time  later, 
the  water  particle  lying  directly  beneath  this 
surface  layer  is  kicked  off  with  an  initial 
velocity,  l0.  Since  this  particle  lies  within 
the  cavitated  region  and  is  kicked  off  after  the 
surface  layer,  it  becomes  separated  from  the 
surface  layer  and  therefore  naa  no  atmospheric 
preisure  acting  upon  it.  Thus,  only  gravity 
decelerates  this  particle.  Eventually,  thia 
water  particle  will  collide  with  the  surface 
layer  above  it.  In  the  development  of  the  clos¬ 
ure  model,  it  is  assumed  (as  was  done  in  the 
work  by  Waldo  Ml)  that  thia  is  a  perfectly 
inelastic  collision.  Thus,  this  particle  and 
tha  surface  layer  above  it  now  form  an  augmented 
surface  layer  which  has  a  velocity  derived  from 
a  conservation  of  momentum  consideration.  As 
with  the  original  surface  layor,  this  augmented 
surface  layer  has  atmospheric  pressure  and 
gravity  acting  to  decelerate  it. 

Since  the  particles  lying  below  the  original 
surface  layer  are  all  kicked  off  at  different 
times  with  different  vertical  kickoff  velocities, 
inelastic  collisions  will  occur  one  at  a  time 
between  the  growing  surface  layer  and  the  parti¬ 
cles  directly  below  it.  This  process  is  known 
ss  accretion.  If  the  surface  layer  displacement 
history  at  a  horiiontal  range,  X,  ia  plotted 
with  t  ■  0  referring  to  the  time  of  explosive 
charge  detonation,  the  curve  in  Fig.  7  is 
obtained.  This  curve  is  not  quite  u  perfect 
parabola  due  to  the  fact  that  the  surface  layer 
mass  is  changing.  Also  note  that  this  curve 
accounts  for  the  initial  displacement  of  the 
surface  layer  due  to  the  incident  shock  wavo 
prior  to  relief  wave  arrival  at  the  upper  cavi¬ 
tation  boundary. 

The  vertical  component  of  tho  water  particle 
velocity  for  the  point  which  lie*  at  the  lower 
cavitation  boundary  at  this  same  horizontal 
range,  X,  also  must  be  determined.  Since  cavi¬ 
tation  does  not  extend  below  this  point,  separa¬ 
tion  will  not  occur  between  the  underlying  water 
particles,  Hence,  the  water  which  lies  below 
thia  point  at  the  lower  cavitation  boundary  will 
have  a  vertical  velocity  component  which  is 
dependent  upon  the  time  varying  velocities  Vr 

and  Vi  and  their  corresponding  afterflow  terms. 
This  is  dopictcd  for  the  point  (X,  Yj)  in  Fig.  8. 
Ao  this  lower  cavitation  bouncary  moves  upward, 
it  catches  lip  with  free  falling  water  particles 
and  an  accretion  similar  to  that  which  occurs 
with  the  surface  layer  takes  place.  However, 
in  this  development,  it  is  assumed  that  parti¬ 
cles  which  huvo  accreted  with  the  moving  lower 
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boundary  move  with  the  tame  velocity  as  the 
point  which  lies  at  this  lower  boundary.  If  the 
displacement  of  a  water  particle  at  the  lower 
cavitation  boundary  is  plotted  with  time,  tho 
curve  in  Pig.  9  is  obtained.  Note  that,  as  in 
tho  displacement  curve  for  the  surface  layer, 
the  displacement  prior  to  relief  wave  arrival 
is  included. 


layer  is  derived  by  considering  dynamic  equili¬ 
brium  in  the  vertical  direction.  Prom  this 
equation  of  motion  we  obtain  the  expression  for 
the  motion  of  the  surface  layer  given  in  Bq.  (7). 

s-^  (ni^;,1)*V*so  <7> 


The  time  of  bulk  cavitation  closure  is 
defined  as  tha  time  at  which  the  lower  boundary 
displacement  equals  the  surface  layer  displace¬ 
ment.  It  is  at  this  time  that  the  accreting 
surface  layer  and  tha  accreting  lower  boundary 
collide  and  generate  the  water  hammer  pressure 
pulse.  If  the  curves  of  Figs.  7  and  9  are 
plotted  on  the  same  axes,  tne  time,Tc,  at  which 
the  two  curves  intersect  denotes  tne  time  of 
closure.  This  is  illustrated  in  Fig.  10, 

When  the  surface  layer  thickness  versus  time 
is  plotted  for  this  same  horiiontal  range,  the 
curve  in  Pig,  11  is  obtained,  Tho  surface  layer 
thickness,  Yc,  corresponding  to  the  time  of 
closure, Tc,  from  Pig.  11,  Is  the  depth  of  first 
bulk  cavitation  closure.  Thus,  tho  amount  of 
aurface  layer  growth  which  has  taken  place  at 
the  instant  the  lower  boundary  displacement 
equals  the  surface  layer  displacement  determines 
directly  the  depth  of  cavitation  closure  for 
this  particular  horiiontal  range.  Similarly, 
the  amount  of  accretion  which  has  taken  pluco  at 
the  lower  boundary  also  determines  the  depth  of 
cavitation  closure.  In  this  development,  how¬ 
ever,  only  tho  surface  layer  accretion  is 
calculated. 

Surface  Layer  Motion 

The  methods  discussed  in  the  previous  sec¬ 
tions  for  determining  the  upper  and  lower  cavi¬ 
tation  boundaries  and  the  kickoff  velocities 
for  points  lying  in  the  cavitated  region  were 
all  developed  from  a  continuun  approach.  In 
the  development  of  a  model  which  characterises 
surface  layer  motion  and  surface  layer  accre¬ 
tion,  it  is  convenient  to  depart  from  the  con- 
tinutsn  approach  and  to  apply  a  segmentation 
technique. 

The  first  step  in  determining  the  surface 
layer  motion  at  a  horiiontal  range,  X,  is  to 
divide  the  water  at  this  range  into  a  discrete 
number  of  elements  ranging  from  the  upper  cavl- 
tetion  boundary  to  the  lower  cavitation  boundary, 
Bach  of  these  elements  has  on  incremental  cross 
sectional  area,  A A,  and  an  incramental  depth, 

AY.  This  segmented  column  of  water,  along  with 
the  column  of  water  above  it  which  extend*  to 
the  aurface,  is  shown  in  Pig.  12  and  is  consid¬ 
ered  to  be  in  its  quiescent  state  prior  to  the 
arrival  of  any  disturbance.  During  the  tin* 
between  shock  wave  arrival  and  relief  wave 
arrival,  the  surfaco  layer  and  each  element  in 
this  column  is  displaced  an  initial  amount. 

Kx-n  the  relief  wave  arrive*  at  the  point  at 
i  a  upper  cavitation  boundary,  the  surface 
layer  is  kicked  off  with  on  initial  velocity, 

V0.  The  equation  of  motion  for  this  surface 


In  this  expression,  tha  terms  V0  and  Sq  are  the 
velocity  and  displacement  of  the  surface  layer 
aftor  tne  moat  recent  collision  with  an  element 
below  it.  Prior  to  the  occurrence  of  the  firat 
collision,  V0  and  Sn  represent  the  kickoff 
velocity  and  the  initial  displacement,  respec¬ 
tively,  of  the  initial  surface  layer,  and  g 
represent  the  atmospheric  pressure  and  accelera¬ 
tion  due  to  gravity,  respectively,  while  Ygj, 
represents  tne  current  thickness  of  the  accret¬ 
ing  surface  layer,  p  is  the  mass  density  of 
wttar.  Also,  the  independent  variable,  t,  rep¬ 
resents  the  time  elapeed  since  the  moet  recent 
collision. 

In  a  similar  fashion,  the  expression  describ¬ 
ing  the  motion  of  tha  water  element  directly 
below  tha  surface  layer  is  obtainad.  This 
expression  is  given  in  Bq.  (8), 

z - r_a_*zoCt_td)^o  C8) 

Here.  Z0  and  Z0  are  the  kickoff  velocity  and 
initial  displacement,  respectively,  of  tha 
wstar  element  directly  below  the  surface  layer. 
The  independent  variable, t,  ia  the  aame  as  that 
in  Bq.  (7),  while  tha  t.j  tent  represent*  the 
time  delay  between  the  new  motion  of  the  surface 
layer  after  tha  moat  racent  collision  and  the 
kickoff  of  the  water  elanant  directly  below  this 
accreting  aurface  layer,  When  Bqs,  (7)  and  (8) 
are  equated,  the  time  elapsed  between  two  suc¬ 
cessive  collisions,  denoted  tj,  can  be  determined. 
At  this  point,  the  surface  layer  thickness  is 
incremented  and  the  initial  condition*  for  the 
motion  of  the  accreting  aurface  layer  (Vp  and 
Sq)  ura  updated.  Since  the  closure  model  con¬ 
siders  all  collisions  to  be  perfectly  inelastic, 
the  resulting  velocity  of  the  accreting  surface 
layer  immediately  after  the  preaent  collision 
fV0)  can  b#  determined  by  a  conservation  of 
momentim  consideration. 

The  entire  process  stated  above  is  repeated 
for  successive  collisions  and  the  incremental 
collision  times,  tj,  are  iisimed  up  to  give  tho 
total  tjr«  olapsod  »ince  relief  wave  arrival  at 
the  upper  cavitation  boundary.  From  this,  a 
aurface  layer  displacement  history,  such  aa 
that  shown  in  Pig.  7,  can  be  plottod.  In  addi¬ 
tion,  the  tin  face  layer  thickness  is  incremented 
by  one  water  element  thickness  after  each  colli¬ 
sion  thus  giving  an  accretion  versus  time  curve, 
such  ns  the  one  shown  in  Fig.  11.  Surface  layer 
motion  and  surface  layer  accretion  are  confuted 
in  this  manner  for  this  particular  horiiontal 
range  until  closure  occurs.  At  this  time,  tho 
surface  layer  displacement  and  tho  lower  bound¬ 
ary  displacement  arc  equal. 
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Pig.  10  •  Time  of  Cevitetion  Closure 


Lower  Boundary  Motion 

Sinco  leparation  between  water  particles 
does  not  occur  below  the  lower  cavitation  bound¬ 
ary,  for  a  given  horizontal  range,  X,  the  dis- 

51acement  of  this  boundary  is  determined  by  the 
inear  superposition  of  the  displacements  due  to 
the  incident  and  relief  waves  for  the  water  par¬ 
ticle  which  lies  at  this  lower  boundary,  Forces 
due  to  gravity  are  completely  offset  by  the 
buoyant  forces  since  the  water  beneath  this 
lower  boundary  remains  homogeneous.  However, 
the  displacement  of  the  lower  boundary  prior  to 
the  arrival  of  the  relief  wave  is  included. 


QCt-tc)  Q(t-tc)2' 
pc  +  iMr2 


(for  t>tc)  (12) 


Finally,  the  total  displacement  of  the 
lower  cavitation  boundary  in  the  vertical  direc¬ 
tion  for  the  horizontal  range,  X,  is  determined 
by  the  linear  superposition  of  the  vertical  com¬ 
ponents  of  the  displacement  vectors  in  Gqs.  (10) 
and  (12) . 


The  equation  of  the  water  particle  velocity, 
including  after flow,  as  produced  by  the  incident 
pressure  wave  is  [S] : 


V  ‘  <»> 

vdiere  P0  •  A(W1^3/rl)B  and  t  ■  0  refer*  to  shock 
wave  arrival  at  the  lower  cavitation  boundary 
for  this  particular  horizontal  range,  X.  The 
ray  length,  rA,  and  the  direction,  i,  are 
defined  in  Fig.  8,  To  find  the  lower  boundary 
displacement  due  to  the  Incident  wave,  we  Inte¬ 
grate  Bq.  (B)  to  obtain: 


This  expression  does,  of  course,  includo  the 
displacement  of  the  lower  boundary  which  occurs 
prior  to  relief  wave  arrival. 

The  equation  for  the  water  particle  velocity 
Including  afterflow  as  produced  by  the  relief 
wave  ie: 


where  Q  le  the  relief  wave  pressure  whose  magni¬ 
tude  equals  the  sbsolute  pressure  at  the  lower 
cavitation  boundary  just  prior  to  relief  wave 
arrival.  Thus,  Q  ■  A(W*'vrj)B  +PA, 

where  Pp  is  the  hydrostatic  pressure  and  tr  is 
the  tims  between  shock  wsve  arrival  and  relief 
weve  arrival.  The  ray  length,  r2,  and  the 
direction,  3,  are  definod  In  Pig,  8.  Aa  in 
Bqa,  (9)  ana  (10),  t  •  0  refers  to  shock  wave 
arrival  at  the  lower  cavitation  boundary  for 
this  particular  horizontal  range,  X.  In  this 
development,  the  relief  wave  Is  treated  as  a 
constant  pressure  drop  which  propagates  into  the 
uncavitated  water:  i.o.,  it  has  no  time  depend¬ 
ence.  To  find  the  displacement  of  the  lower 
cavitation  boundary  due  to  the  relief  wave,  Eq. 
(11)  Is  Integrated  to  obtain: 


BULK  CAVITATION  CLOSURB  PULSE 

The  magnitude  of  the  pressure  pulse  genera¬ 
ted  by  tho  collision  of  the  accreting  surfaco 
layer  with  the  accreting  lower  cavitation  bound¬ 
ary  at  closure  will  now  be  determined.  Sinco  in 
the  closure  model,  the  vertical  components  of 
the  velocities  of  both  the  surface  layer  and  the 
lower  cavitation  boundary  for  a  particular  hori¬ 
zontal  range,  X,  are  known  at  the  time  of  clos¬ 
ure,  the  closure  pressure  pulie  magnitude,  Pc, 
can  be  calculated  by  multiplying  one  half  the 
relative  velocity  of  impact  of  theae  two  water 
msasea  by  the  characteristic  impedance  of  the 
mediun.  That  is: 

pc  *  ^tVL-Vu)  (13) 


where  V  is  positive  upward  and  Vy  and  V,  refer 
to  the  vertical  velocity  component*  at  closuro 
of  the  surface  layer  and  the  lower  cavitation 
boundary,  respectively.  The  closure  pressure 
pulae  consists  of  two  compressive  waves  of  mag¬ 
nitude,  Pci  one  that  travels  upward  and  one  that 
travel!  downward.  These  cloaure  pressures  are 
most  readily  superimposed  upon  the  incident 
shock  wave  and  reflected  pressures  at  the  hori¬ 
zontal  range  at  which  closure  first  occurs, 
since  at  this  range,  the  direction  of  propaga¬ 
tion  of  the  cloeuve  pulse  is  vertical.  At  other 
horizontal  ranges,  the  direction  of  propagation 
of  the  closure  pulse  varlos  from  tho  vertical 
direction  by  an  angle  ,  us  shown  in  Fig.  13. 
According  to  the  work  done  by  Cushing  [oj,  if  c 
Is  the  sound  speed  in  water  and  Vc  Is  the  speed 
at  which  the  cuvltated  region  is  closing  ut  some 
horizontal  range,  X,  then: 

sin  i|>  -  -n-  (14) 

vc 


Thus,  the  magnitude  of  the  pressure  pulso  which 
propagates  along  a  path  oriented  at  this  angle 
^  is  determined  by  dividing  the  expression  of 
Eq,  (13)  by  cos  i|f  .  That  is: 


p  .  PC(VL-V 

c  2  cos  <p 


(IS) 
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The  duration  tijno  of  the  closure  pulse  at  the 
depth  of  closure  Is  determined  by  the  method  of 
images  and  is  expressed  by: 


t 


duration 


c 


COS  ijl 


(16) 


where  Dc  is  the  depth  of  closure  at  the  horizon¬ 
tal  range  of  interest,  X.  Thus,  regardless  of 
the  angle  of  propagation  of  the  closure  pulse, 
the  impulse  (pressure  X  duration)  associated 
with  cavitation  closure  at  a  particular  horizon¬ 
tal  range  is  the  some  and  may  be  expressed  as 
shown  in  Bq.  (17), 

Impulse  -  o^-Vy)  Dc  (17) 


The  above  mothod  of  determining  cavitation  clos¬ 
ure  pressures  and  durations  it  valid  only  at 
horizontal  ranges  where  the  speed  of  closure 
propagation  is  greater  than  the  sound  speed  in 
water  (supersonic).  At  horizontal  ranges  where 
the  closure  propagation  is  subsonic,  the  deter¬ 
mination  of  closure  pressures  and  durations 
becomes  rather  complicated  and  will  not  be 
treated  here.  Fig.  14  shows  the  general  form 
of  the  speed  of  closure  propagation  plotted 
against  percent  of  extent  of  the  cavitated 
region.  Such  a  curve  is  characteristic  of 
nearly  all  free  field  bulk  cavitation  problems. 


CALCULATION  OF  PRESSURE  AND  WATER  PARTICLE 
VBLOCITY  HISTORIES 

The  use  of  the  foregoing  development  in  cal¬ 
culating  pressure  end  water  particle  velocity 
histories  will  now  be  illustrated  with  an  exam¬ 
ple  problem.  For  convenience,  calculations  of 


time  histories  will  be  made  at  the  horizontal 
range  corresponding  to  first  closure.  Here  the 
velocity  of  closure  propagation  is  infinite  and 
thus  the  path  of  the  resulting  closure  pulse  is 
vertical . 

In  this  example,  a  SO, 000  lb  HBX-1  explo¬ 
sive  conpact  charge  is  detonated  at  a  depth  of 
300  ft  in  sea  water  which  is  assumed  to  be 
infinitely  deep.  A  stannary  of  all  numerical 
values  used  in  this  example  case  is  given  in 
Table  1.  When  the  method  of  Arons  [2]  and  the 
closure  model  are  applied  to  this  case,  the 
bulk  cavitation  bounds  and  closure  depths  shown 
in  Fig.  IS  are  obtained.  The  depths  of  the 
upper  and  lower  cavitation  boundaries,  as  well 
as  the  depth  and  time  of  cavitation  closure  for 
various  horizontal  ranges,  are  given  in  Table  2. 
In  Fig.  16  is  a  cross  plot  of  the  surface  layer 
and  lower  boundary  displacement  histories  for 
the  horizontal  range  of  first  closure.  A  plot 
of  surface  layer  accretion  versus  time  for  this 
same  range  is  given  in  Pig.  17, 

The  remaining  time  history  plots  generated 
for  this  example  case  are  each  the  result  of  a 
piecewise  construction  from  linear  shock  wave 
theory  and  the  nonlinear  cavitation  theory  out¬ 
lined  above.  In  Fig.  18  is  a  plot  of  the  verti¬ 
cal  component  of  the  surface  layer  velocity  for 
the  horizontal  range  of  first  closure  (8S0  ft), 
The  vertical  component  of  the  water  particle 
velocity  is  calculated  for  on  arbitrary  depth 
of  25  ft  at  this  sane  range  and  ia  plotted  in 
Fig.  19.  Also,  the  calculated  pressure  history 
for  a  depth  of  25  ft  at  a  horizontal  range  of 
850  ft  is  given  in  Fig.  20.  Similar  plots  and 
tabulated  values  can  be  compiled  for  other  hori¬ 
zontal  ranges  within  ths  extent  of  the  cavitated 
rogion  by  virtue  of  Ref.  6  and  the  discussion 
above. 


CAVITATION  OOKMI  MU 


AtACtNT  V  HAXIMJM  CAVITATION  HANOI 

Fig.  14  -  Speed  of  Closure  Propagation  Plotted  Against 
Percent  of  Maximun  Cavitation  Range 
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TABLE  1 

Summary  of  Ntmerical  Values  Used  in  Example  Problem 


CHARQE  WEIGHT 

DEPTH  OF  SURST 

SHOCK  WAV!  CONSTANTS  i  * 

A 

K 

l 

ACCELERATION  DUE  TO  GRAVITY 
SPEED  OF  SOUND  IN  WATER 


EOOOO  lb  HBX-1 
300  ft 


2397S 

1.13 

OASM 

-O.IS 


33.3  ft/tM* 


S000  ft/tM 


MASS  OSNSITY  OF  WATER 


1.BS76  tlmt/ft* 


•  PCAK  niUUH,  F,  •  At*1 '*/»,)* 
DECAY  OONITANT,  «  •  KW,''fN’,,A,ll 


HORIZONTAL  RANOR  CRT> 

•  MM  IMS  ISM  .  MM  MM 
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TABLE  2 

Bulk  Cavitation  Calculation* 
(with  W  -  50000  lb  HBX-1 
and  Depth  of  Burst.  *  300  ft] 


H0RI20HTRu  DEPTH  OF  UPPER  DEPTH  OF  DEPTH  OF  LOWER  TIME  OF 
RANGE  <H>  BOUNDARY  <ft>  CLOSURE  <ft>  BOUNDARY  <ft,\  CLOSURE 


0.00 

0.06 

14.  16 

53.75 

569.99 

100.00 

0.07 

14.92 

55.91 

542.53 

200.00 

0.09 

16.89 

61.45 

4OO.06 

300.00 

0.  14 

19.49 

£8.67 

413.92 

400,00 

0.20 

22.30 

76.23 

361.21 

300.00 

0.28 

25.  13 

83.43 

324.59 

£00.00 

0.39 

27.94 

89 . 93 

301.73 

700.00 

0.52 

30.62 

95.60 

286 . 90 

0.69 

33.19 

100.41 

283.47 

*  030.00 

0.78 

34.39 

102.50 

282.83 

900.00 

A. S3 

35.63 

104.37 

283.53 

1000.00 

1.10 

37.95 

107.53 

287.63 

1100.00 

1.36 

40.16 

109.93 

294.90 

1200.00 

1.66 

42.26 

111.61 

304.46 

1300.00 

1.99 

44.29 

112.63 

315.91 

1400.00 

2.38 

46. 18 

113.04 

323.70 

1300.00 

2.80 

48.00 

112.88 

34,'.  69 

1606.00 

3.29 

49.74 

112.20 

357.58 

1700.00 

3.A2 

51.37 

111.04 

373.22 

1900.00 

4.42 

52.92 

109.44 

389.47 

1900.00 

5.09 

54.39 

137.44 

406. 24 

2000.00 

5.84 

55.69 

105.07 

423.40 

2100.00 

6.68 

56.38 

102.36 

440  92 

22OO.00 

7.62 

57.87 

99.35 

458.73 

2300.90 

8.67 

58.62 

96.66 

476.7« 

2400.00 

9.85 

59.20 

92.53 

495.08 

2500.00 

11.18 

59.43 

88.78 

513.54 

2600.00 

12. 7C 

59.35 

84.84 

532.  17 

2700.00 

14.42 

58.87 

80.72 

558.93 

2600.00 

16.41 

58.01 

76.45 

569.33 

2900.00 

18.72 

56.77 

72.05 

580.83 

3900.00 

21.44 

55.09 

67.55 

607.92 

3100.00 

24.69 

53.09 

62.95 

627.  10 

3200. 0? 

28.66 

50.76 

58.28 

646.33 

3300. Otf 

33.66 

48.36 

53.56 

665.58 

3400.00 

40.29 

46.34 

48.79 

684.73 

*  HORIZONTAL  RANGE  OF  FIRST  CLOSURE 


NOTE;  CLOSURE  TIMES  DATED  TO  TIME  OF  EXPLOSIVE  CHARGE  DETONATION 


TIME -‘MILLISECONDS 

Plj-  18  •  "Mifa ca  Layer  Velocity  History  (Vertical  Component) 


100  1S9  20u  220  240  260  280  300  320 


TIME — MILLISECONDS 

Fig.  19  -  Water  Particle  Velocity  History  at  25- ft  Gage  Depth  (Vertical  Component) 
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SUMMARY 

The  recent  growth  of  Interest  in  the  phenom¬ 
enon  of  hulk  cavitation  led  to  the  development 
which  was  presented  in  this  paper.  Initially, 
the  bulk  cavitation  problem  was  defined  and  the 
events  leading  up  to  its  occurrence  were 
explained,  Then,  die  method  of  Arons  [2]  for 
determining  the  bulk  cavitation  envelope  was  de¬ 
rived  from  physical  considerations,  and  tho  solu¬ 
tions  for  tne  upper  and  lower  cavitation  bound- 
atleo  were  given.  Next,  a  model  waa  developed 
for  determining  tho  depth  and  time  of  closure 
for  any  range  within  the  extent  of  the  cavitated 
region.  This  model  proved  to  be  consistent  with 
the  method  of  Arons  [2]  since  the  closure  depth 
cuive  It  generates  passes  through  the  point  of 
intersection  of  the  upper  and  lower  cavitation 
boundaries  at  the  maximum  range  of  cavitation. 
From  this  closure  model,  it  waa  then  Illustrated 
how  to  obtain  tho  magnitude  and  direction  of 
propagation  of  the  closure  pulse  for  various 
horizontal  ranges  within  the  extent  of  the  cavi¬ 
tated  region.  Finally,  the  application  of  the 
method  of  Arons  [2]  and  the  closure  model  to  a 
■ample  case  was  undertaken,  and  the  results 
were  presented  in  tho  form  of  a  table  and  six 
plots. 
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oxscutaioM 


Vole* i  Will  this  be  aor*  applioabla  to  surface 
ships  than  to  subawrines?  ssoond,  can  you  apply 
this  to  nuolaar  aa  wall  aa  conventional 
weapons?  Might  it  ba  aora  significant  for  a 
nuolaar  hurst  aa  opposed  to  a  oonvantional 
burst? 

Mr.  Coaianaoi  Tha  anawar  to  your  first  question 
ia  yaai  it  ia  applioabla  to  auburJ.naa  aa  weli 
aa  to  surfaoa  ships.  As  X  statad  earlier,  the 
evolution  of  our  in tar ait  in  bulk  oavitation  waa 
dua  to  tha  aurfaoa  Ihip  ahook  Teat  prograai. 
Rows  vs  r,  it  ia  juat  aa  applioabla  to  any 
submarine  problaa  that  you  might  encounter.  To 
anawar  tha  aaoond  question,  there  ia  no  raason 
why  wa  oan't  extend  this  analyaia  method  to 
incorporate  the  nuolaar  type  of  pressure 
history,  and  wo  haven't  done  that  yet.  Aa  soon 
aa  wa  are  satleJied  with  what  we  did  for  the 
spharieal  bulk  charges,  then  X  think  we  will 
■ova  on  to  look  at  the  nuolaar  type  of  praaaura 
signature. 


A  SOLUTION  TO  THE  ONE  DIMENSIONAL 
BULK  CAVITATION  PROBLB4 


Benjamin  M.  Stow  and  John  D.  Gordon 
David  Taylor  Naval  Ship  Research  and  Development  Center 
Underwater  Explosion*  Research  Division 
Portsmouth,  Virginia 


The  bulk  cavitation  analysis  method  presented  in  this  paper 
eliminates  the  need  to  segment  water  for  the  purpose  of 
solving  simple  equations  of  motion  between  water  elements. 
The  one  dimensional  problem  analysed  in  detail  demonstrates 
the  ease  of  application  of  the  method.  Plots  of  cavitation 
closure,  water  pressure,  and  water  particle  velocity  are 
provided  from  the  analysis.  The  results  of  the  one  dimen¬ 
sional  analysis  can  be  coopered  with  results  from  other 
analysis  methods  to  see  what  the  differences  are. 


INTRODUCTION 

Because  of  the  imediate  analytical  needs  of 
the  surface  ship  shock  test  program,  the  axisym- 
metric  bulk  cavitation  solution  provided  by 
Costanxo  and  dordon  [1J  emphasised  quick  results 
over  optimal  mathematical  description  of  the 
problem.  The  method  used  substitutes  the  labor 
of  the  computer  solving  a  multiplicity  of  colli¬ 
sions  between  segmented  water  elements  for  the 
insight  of  the  snslyst  determining  end  integrat¬ 
ing  the  sppropriate  equations  describing  the 
accretion  of  the  surface  water  layer.  In  keep¬ 
ing  with  the  philosophy  that  the  computer  should 
be  presented  with  the  problem  in  the  form  best 
conditioned  for  solution,  additional  affort  has 
bean  expended  seeking  an  improved  mathematical 
description  based  on  the  same  physical 
assumptions. 


OBJECTIVE 

The  primary  objective  of  the  analysis  given 
in  this  paper  is  to  eliminate  the  need  for  seg¬ 
menting  water  for  the  purpose  of  solving  simple 
equations  of  motion  betwesn  water  elements  by 
providing  an  equation  governing  the  displacement 
of  the  surface  water  layer  which  is  alraady 
integrated  with  respect  to  the  water  elements. 
This  equation  it  to  be  general  enough  to  apply 
to  the  axisynmetric  bulk  cavitation  problem. 

A  secondary  objective  is  to  demonstrate  an 
application  of  the  new  mathematical  description 
by  solving  for  tha  cavitation  parameter*  result¬ 
ing  from  s  plane  exponential  shock  wave  moving 
along  a  line  perpendicular  to  the  water  aurface, 
and  a  tertiary  objective  of  the  analysis  is  to 
investigste  the  effect  of  dropping  a  complicating 


term  in  the  lower  cavitation  boundary  displace¬ 
ment  equation. 


APPROACH 

A  momentum  equation  similar  to  that  snployod 
by  Waldo  [2]  is  usad  to  describe  the  surface 
water  layer  velocity;  howevar,  this  momentum 
aquation  is  free  of  Waldo's  assumption  that 
water  particle  volocity  kickoff  occurs  simulta¬ 
neously  along  a  vertical  water  column.  This 
momentum  equation  ia  then  Integrated  to  yield 
the  displacement  of  the  surface  water  layer. 

The  equation  describing  the  displacement  of  a 
water  particle  in  the  cavitated  state  along 
with  tha  equation  describing  the  displacement  of 
a  water  particle  at  the  lower  boundary  of  cavi¬ 
tation  provide  the  remaining  relationships 
necessary  to  support  a  solution  for  homogeneous 
water  layer  accretion  above  and  below  the  closure 
depth.  The  water  hajtmer  pressure  is  calculated 
from  the  collision  velocities  of  the  two  water 
layer*  at  closure. 


SURFACE  WATER  LAYBR  DISPLACEMENT 

A  surface  reflected  shock  wave  produces 
cavitation  between  two  depths  bolow  the  water 
surface  by  propelling  free  water  particles  ver¬ 
tically  between  these  depth*.  Starting  at  the 
upper  cavitation  boundary  depth,  the  action  of 
atmospheric  pressure  and  gravity  causes  a  thick¬ 
ening  of  the  surface  layer  of  uncnvitated  water 
while  at  the  some  time  the  growing  layer  of 
uncavitated  water  is  displaced  with  respect  to 
the  earth.  To  describe  this  motion  mathemat¬ 
ically  the  water  particles  lying  along  a 
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vertical  column  of  undisturbed  wator  are  identi¬ 
fied  by  a  coordinate  y  equal  to  their  depth 
below  the  water  surface,  and  the  motion  of  water 
particles  is  referred  to  inertial  coordinates. 
Since  the  initial  surface  layer  of  uncavitated 
water  starts  accreting  free  water  particles  from 
underneath  at  the  time  of  arrival  of  the  relief 
wav*  at  the  upper  cavitation  boundary  y»  a,  the 
time  variable  t  in  the  equations  is  taken  as 
tero  at  arrival  of  the  relief  wave  at  y  -  a. 
Water  particles  underneath  y  ■  a  are  kicked  off 
with  a  vertical  component  of  velocity  U  with 
respect  to  the  earth  at  a  time  t  •  T.  When 
gravity  is  accounted  for  as  an  upward  one  g 
acceleration  of  the  earth,  a  water  particle 
kicked  off  at  time  t  ■  T  can  be  represented  as 
having  been  kicked  off  with  a  velocity  U  +  gT 
with  respect  to  the  stars.  Treating  the  surface 
layer  of  uncavitated  water  es  s  rigid  body  hav¬ 
ing  a  velocity  V  with  respect  to  the  earth,  the 
momentum  per  unit  area  of  a  water  column  of  den¬ 
sity  p  is  py(V+gt)  with  respect  to  the  stars. 
This  manentun  is  equal  to  the  sun  of  the  kick 
off  momentum*  of  the  water  particlos  reduced  by 
atmospheric  pressure  aa  shown  in  Eq.  (1) . 


with  the  dot  meuning  differentiation  with 
respect  to  time.  Differentiating  Fq.  C3)  with 
respoct  to  time  and  solving  for  n  results  In 


D  -  P’ +ta^gT)  - -gt*  (4) 


where  the  primo  means  differentiation  with 
respect  to  y.  Recognising  that  D  is  also  tho 
displacement  of  a  free  water  particle  at  the 
time  it  joins  the  surface  layer  of  uncavitated 
water,  an  additional  equation  for  D  is 


r  -  (t-T)U- -kgft-T)2  (5) 


When  0  is  eliminated  from  Bqs.  (4)  and  (5)  and  F 
is  solved  for  and  integrated  with  respect  to  y, 
the  result  is 


py(V*gt)  -  paU(a)  ♦  p 


!' 


(U+gT)dy  - 


V 


(1) 


In  the  model  of  the  problem  described  by  Eq,  (1), 
the  initial  layer  of  uncavitated  water  of  thick¬ 
ness  "a"  is  represented  as  being  kicked  off  with 
s  velocity  equal  to  the  water  particle  velocity 
at  its  under  surface  rather  than  tha  avtrags 
velocity  of  tha  partidea  in  tha  layer.  This 
assu«|>tion  is  made  to  insure  that  final  cavita¬ 
tion  cloaure  lies  between  the  upper  and  lower 
boundaries  aven  when  these  boundaries  coincide. 
When  Bq.  (1)  ia  divided  by  p  and  integrated  with 
respect  to  time  Bn.  (2)  describing  the  displace¬ 
ment  D  of  the  surface  water  layer  is  obtained. 

yD  •  al^  (t)  ♦taUCaJ+tj^CU+gTjdy 

-i-D-^-TW2  +p 


where  Di  ia  the  vertical  component  of  the  dis¬ 
placement  of  the  water  particle  at  dopth  y  at 
the  time  of  arrival  of  the  relief  wave  at  v, 
and  aDi(a)  is  a  constant  of  integration  chosen 
such  that  it  t  •  0  and  y  »  a,  D  ■  .  F  is  the 

sum  of  the  remaining  parti  of  the  integration  of 
Bq.  (1). 


C 

F  -/tpy  -t(U+gT)y  +  -igtay]dt 


(3) 


(6) 


For  a  given  depth  y,  Bqs.  (2)  and  (S)  solved  simul¬ 
taneously  for  t  and  D  give  tha  time  it  takes  for 
the  surface  layer  of  uncavitated  water  to  grow 
from  a  depth  "a"  to  a  dapth  y  and  the  displace¬ 
ment  of  the  surface  layer  at  t. 


CLOSURE  FROM  BELOW 

Cavitation  closure  from  below  starts  at  the 
lower  cavitation  boundary  y  •  b  at  relief  wave 
arrival  t  ■  T(b)  and  proceeds  upward  until  the 
aurface  layer  of  uncavitated  wator  is  met.  The 
forces  involved  in  cloaure  from  below  are  the 
elastic  forces  in  the  water  below  the  lower  cav¬ 
itation  boundary,  thw  force  of  gravity  acting  on 
free  water  particles  above  the  lower  cavitation 
boundary  and  the  force  on  the  lower  boundary  due 
to  the  acceleration  of  the  free  particles  as 
they  are  accreted.  The  elastic  force  in  the 
water  below  y  ■  b  causes  a  wator  particle  at 
y  ■  b  to  be  displaced  upward,  packing  the  water 
particles  falling  from  above  into  homogeneous 
water.  When  a  free  water  particle  is  accreted 
by  the  lower  homogeneous  water,  its  velocity  is 
increased  from  U  -  g  (t  •  T)  to  Vj,  the  velocity 
of  the  water  particle  at  y  ■  b,  and  the  pressure 
Pp  on  the  lower  boundary  due  to  the  packing 
above  ia  the  time  rate  of  change  of  momentum  per 
unit  area  given  by  Hq.  (7). 


Pp  -  [U-gft-T)  -Vb]py 


(7) 


IVie  displacement  %  of  the  water  at  the  lower 
boundary  of  cavitation  is  the  same  as  the  dii- 
lacement  of  a  free  water  particle  at  the  time 
t  is  accreted  by  the  lower  homogeneous  water, 
therefore, 


0(3  "  Di  +  (t-'T)U -  |g(t-T)J  (8) 


When  Dw  from  Bq,  (8)  is  substituted  for  Vb  in 
Bq.  (7 j ,  it  is  seen  that  the  term  in  the  paren¬ 
theses  is  the  difference  between  the  time  deriv' 
ative  of  Db  treating  y  as  constant  and  the  time 
derivative  of  Db  treating  y  as  a  function  of 
time. 

A  second  equation  for  Db  can  be  determined 
from  the  pressure-time  history  at  y  ■  b  includ¬ 
ing  the  pressure  on  the  lower  boundary  due  to 
packing  particles  above  given  in  Bq.  (7),  The 
two  equations  for  Db  solved  simultaneously  give 
the  depth-tims  relationship  of  the  cavitation 
closure  from  beluw. 


V~2a/Ce  +  p8tt  +  Pa  "  Po  (11) 


is  the  equation  governing  the  upper  boundary. 

The  lower  cavitation  boundary  i.a  the  ahallow- 
eat  depth  below  the  upper  boundary  at  which  the 
pressure  discontinuity  at  relief  wave  arrival 
con  propagate  downward  without  causing  additional 
cavitation.  This  propagation  becomes  possible 
at  the  depth  at  which  the  absolute  pressure  la 
the  water  just  prior  1  relief  wave  arrival 
itopa  decreasing  with  depth  and  staits  increas¬ 
ing  with  depth.  Therefore, 

•ft  (P0e_2y/,c9  ♦  ogy  ♦  Pt)  ■  o  (12) 


ONE  DIMENSIONAL  SOLUTION 


The  general  equations  previously  given  will 
ba  illustrated  by  solving  for  the  bulk  cavita¬ 
tion  parameters  caused  by  a  plane  exponential 
shock  wave  moving  perpendicular  to  the  water 
aurfaco.  This  case  was  chosen  because  the  inte¬ 
grals  of  ths  exponentials  appearing  in  the  equa¬ 
tion*  can  be  evaluated  in  closed  form  and 
attention  can  be  concentrated  on  the  method  of 
solution  rathsr  than  the  labor  of  solution.  The 
shock  wave  under  consideration  travels  upward 
with  s  velocity  c  and  s  preaaure-time  history 
given  by  the  equation 


P  -  P0* 


-T/8 


(») 


where 


r*  Pp  is  the  peak  pressure  above  hydrostatic, 
is  ths  shock  wave  time  . onstant  and  t  ii 
the  time  after  shock  arrival  at  any  depth  y.  At 
a  given  depth  y,  the  tima  T<=  between  shock  wave 
arrival  and  the  arrival  of  the  roliof  wav*  from 
tha  surface  is 


T  ■ 

C  C 


(10) 


At  the  lower  cavitation  boundary  the  relief  wave 
pressure  drop  is  equal  to  the  absolute  pressure 
In  the  water  at  y  -  b  just  prior  to  relief  wave 
arrival  leas  the  packing  presaure  Pp  given  by 
Bq.  (7).  This  relief  wave  propagates  downward 
linearly,  and  the  water  particle  velocity  and 
displacement  at  the  lower  boundary  of  cavitation 
is  the  linear  superposition  of  ths  incident  and 
relief  velocities  and  displacement*.  The  equa¬ 
tion*  for  Vb  and  Db  will  be  written  with  time 
starting  at  relief  wave  arrival  at  the  upper 
cavitation  boundary  ao  aa  to  be  consistent  with 
the  general  equations  previously  discussed. 

p0  -  -UlCtfO/cj  Poe-2b/c0  +  ogb  + 

Vb  "  pc  e  *  pc  * 


.  U-8(t-T)-4{D1+(t-T)U-jg(t-T)3} 

-°y - - - - (u) 


t  > 


hn. 

c 


The  depth  of  the  upper  cavitation  boundary 
may  be  found  by  solving  for  the  shallowest  depth 
at  which  the  surface  reflected  wave  reduces  tne 
absolute  pressure  in  the  water  to  zero.  Ibis 
occurs  when  the  absolute  presaure  Just  prior  to 
orrival  of  tho  reflection  is  equal  to  tne  peak 
pressure  of  the  reflected  wavo,  Accordingly, 


t 

°h  •  f’iCh) 


d-i) 


For  the  one  dimensional  case  under  considera¬ 
tion,  the  functions  appearing  in  the  equations 

are 


»i  ■  £o--Vce> 

2P0e“2y/'c6  +  pgy  +  Pa 
U  »  pc 


T  - 


X=±. 

c 


P  6 

Di(t)  “  -^-a-**2*''08) 


Ufa) 


2P  e“2a/,c*  ♦  pga  ♦  P. 

.  o  > 

PC 


DiO.)  -  ^-(l-e”2b/c#) 


The  analysis  will  be  illustrated  by  solving 
for  the  cavitation  produced  by  a  700  psi  -  4 
msec  shock  wave.  For  this  shock  wave, 

P0  ■  700  x  144  pounds  per  square  foot 

#  ■  .004  second 

Pft  ■  14.7  x  144  pounds  per  square  foot 

P.  *  1.9308  slugs  per  foot3 

2 

g  «  32.2  feet  per  second 

c  •  S000  feet  per  second 

ond  from  Bqu.  (11)  and  (12) 
a  -  .21359  feet 

b  *  50.83706  feet. 


Results  of  the  analysis  are  plotted  with  time 
starting  with  shock  wave  arrival  at  the  wator 
surface.  This  means  that  a/c  has  been  added  to 
the  time  variable  t  appearing  in  the  equations 
before  plotting. 

Fig.  i  is  the  cavitation  closure  as  a  func¬ 
tion  ot  tiros,  and  Fig.  2  is  the  surface  water 
layer  displacement  and  lower  boundary  displace 
msnt  as  a  function  of  time.  The  upper  curves  of 
these  figures  come  from  the  simultaneous  solu¬ 
tion  of  Bqs.  (2)  and  (S)  and  the  lower  curves 
coma  from  thr  simultaneous  solution  of  ffcja .  (8) 
and  (14) .  The  time  and  depth  at  which  the 
curve*  of  Fig.  1  come  together  are  the  origin 


of  the  water  tuumier  due  to  cavitation  closure. 
Ihii  water  hammer  ia  a  square  puloe  of  pressure 
equal  to  pc  times  half  the  relative  velocity 
at  closure  of  the  surface  water  layer  and  the 
lower  boundary  and  has  a  duration  equal  to  the 
travel  time  to  the  surface  and  back.  Plots  of 
surface  water  layer  velocity  and  lower  boundary 
velocity  ere  given  in  Figs.  3  and  4  respectively. 
Fig.  3  is  from  Bq.  (1)  and  Fig.  4  is  from 
Bq.  (13)  with  the  addition  of  the  velocity  due 
to  the  shock  wave  from  arrival  to  surface  cutoff. 
The  remaining  figures  shown  in  this  paper  are 
piecewise  constructions  from  linear  shock  wave 
theory  and  the  cavitation  theory  already 
outlined.  Fig.  S  ii  the  pressure  history  at 
closure  depth  and  shows  the  shock  wave  exponen¬ 
tial  reduced  by  aurface  reflection  to  absolute 
taro  pressure  until  closure  when  the  Impact  of 
the  two  columns  of  homogeneous  water  produces 
the  closure  pressure  which  is  also  cutoff  by 
surface  reflection.  The  corresponding  water 
particle  velocity  at  closure  depth  is  shown  in 
Fig.  6.  The  straight  line  portion  of  the  plot 
between  relief  wave  arrival  and  cavitation 
closure  is  tha  particle  in  free  fall.  The  pres¬ 
sure  and  water  particle  velocity  at  mid-depth 
are  shown  in  Figs.  7  and  8  respectively.  A 
salient  feature  of  the  weter  particle  velocity 
in  Fig.  8  is  the  sudden  drop  in  velocity  when 
the  particle  ii  accreted  by  the  surface  water 
layer.  Before  accretion,  the  particle  is  in 
free  fall.  After  accretion,  the  particle  is 
moving  with  the  aurface  water  layer. 


ANALYSIS  NEGLECTING  TUB  PACKING  PRESSURE  Pp 

A  second  cavitation  analysis  for  the  lama 
•hock  wave  waa  mads  neglecting  the  packing  preu- 
aure  given  by  Bq.  (7) .  This  eliminates  the  last 
term  In  Bq.  (13)  for  the  lowor  boundary  velocity. 
All  other  equations  remain  the  some.  A  compari¬ 
son  of  results  from  the  two  analyses  with  and 
without  Pp  It  given  in  Table  1. 


TABLE  1 

Effect  of  Pp  on  Results 


Closure 

Closure 

Pressure 

Depth 

Time 

Pulse 

(ft) 

(msec) 

(g»l») 

With  Pp 

18.0607 

199.57 

306.81 

Without  Pp 

18.0011 

198.92 

306.53 

The  comparison  shown  in  Table  1  illustrates 
that  including  the  force  on  the  lower  cavita¬ 
tion  boundary  due  to  the  accretion  of  water 
particles  from  ubovo  is  probably  not  worth  the 
iteration  effort  required  to  solve  Eqs.  (8) 
and  (14),  simultaneously. 


Fig.  2  *  Surface  Water  Laver  Displacement  and 
Lower  Cavitation  Boundary  Displacement 
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Pig.  S  -  Preaaure  at  Cloaure  Depth 


Fig.  6  -  Water  Velocity  at  Closure  Depth 
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CONCLUSIONS 

The  bulk  cavitation  analysis  method  pre¬ 
sented  in  this  paper  eliminates  the  need  to  seg¬ 
ment  water  for  the  purpose  of  solving  simple 
equations  of  motion  between  water  elements. 

The  one  dimensional  problem  analyzed  in  detail 
demonstrates  the  esse  of  application  of  the 
mothod  particularly  when  a  negligible  term  in 
the  lower  cavitation  boundary  displacement  equa¬ 
tion  is  dropped.  The  method  should  be  used  to 
rework  the  axisymnetric  bulk  cavitation  problem 
in  order  to  save  computation  time.  The  results 
of  one  dimensional  analysis  should  be  compared 
with  results  from  other  analysis  methods  to  see 
what  the  differences  are. 
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nr.  Drekatoe  (Unlvmreltv  of  Patras) i  Can  we  uae 
the  finite  clement  methods  Mhat  about  boundary 
condition*  using  the  finite  element  method? 

Mr.  Stowei  Mr.  Coatanao'a  solution  of  th* 
axinyametria  bulk  asvitntion  problem.  vhiah  wss 
prsssntsd  ysstsrdsy,  was  also  run  for  th*  one- 
dimsnsional  asss.  The  results  oan  be  oaepered 
out  to  Mny  Ueaimel  pieces  with  this  method,  and 
th*  answsrs  are  th*  sea*. 
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Transient  analysis  of  complex  structural  systems  that  contain  both 
linear  and  nonlinear  elements  often  presents  a  formidable  compu¬ 
tational  problem.  Nonlinear  constitutive  relationships  in  one  or 
more  of  the  structural  elements  necessitate  a  time-history 
integration  of  the  equations  of  motion  far  the  entire  structure. 
Time-history  analysis  is  usually  carried  out  in  terms  of  a  limited 
number  of  generalized  modal  coordinates  for  the  elastic  sub¬ 
structure.  However,  a  limited  modal  aontent  is  not  sufficient  to 
simulate  the  detailed  structural  response.  To  overcome  this  draw¬ 
back  a  new  hybrid  method  is  formulated  for  the  detailed  dynamic 
analysis  of  complex  structures.  The  now  solution  procedure 
incorporates  a  time-history  analysis  of  the  nonlinear  response 
with  a  frequency  domain  analysis  of  the  linear  modes.  The 
frequency  domain  analysis  uses  a  larger  number  of  modal  coordi¬ 
nates  to  realistically  simulate  the  details  of  structural  response. 
The  basic  modal  decoupling  assumption  of  the  hybrid  method  is 
studied  by  numerical  application  of  the  method  to  a  simple  elastic 
vehicle  with  nonlinear  suspension  properties,  taxiing  over  an 
irregular  profile. 


INTRODUCTION 

A  new  hybrid  method  is  developed 
for  the  complete  simulation  of  the 
transient  response  of  certain 
structural  systems  with  specially 
designed  nonlinear  energy  absorption 
and  attitude  control  devices.  Many 
complex  systems  contain  both  linear  and 
nonlinear  structural  components.  The 
types  of  structures  that  are  particu¬ 
larly  addressed  in  this  paper  are  those 
with  mostly  linear  characteristics. 
However,  significant  nonlinearitiec 
exist  in  some  limited  regions  of  the 
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structure.  Typically,  nonlinear  ele¬ 
ments  are  connected  to  the  remaining 
linear  elastic  substructure  at  a  small 
number  of  nodeu.  Furthermore,  the 
response  of  the  nonlinear  elements  is 
primarily  affected  by  the  lowest  or 
most  fundamental  frequencies  and  modes 
of  vibration  of  the  linear  sub¬ 
structures. 

The  most  immediate  and  relevant 
example  of  ouch  a  dynamic  Bystem  is  an 
aircraft  taxiing  over  an  irregular 
surface.  Dynamic  simulation  of  air¬ 
craft  taxiing  behavior  requires  a  time- 
history  integration  of  the  equations  of 
notion  because  of  the  typically  non¬ 
linear  nature  of  the  suspension  strut 
properties.  Nevertheless,  the  vehicle 
superstructure  can  be  asrumed  to 
respond  linearly  for  most  aircraft.  In 
theory,  it  is  possible  to  simulate  the 
total  structural  behavicr  by  a  direct 
dynamic  analysis  of  a  finite  element 
model.  However,  the  transient  response 
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analysis  of  the  full  finite  element 
modal  ia  prohibitively  expensive. 

Also,  past  experience  has  shown  that 
such  analyses  of  complex  structures  can 
be  numerically  unreliable.  The 
alternative  to  a  direct  finite  element 
analysis  ia  modal  decomposition  with 
substructuring  that  is  being  widely 
used  at  present  for  the  simulation  of 
aircraft  taxiing  response.  Nonlinear- 
terms  are  excluded  from  the  dynamic 
equations  by  substructuring.  For  the 
linear  substructures  the  vibration 
eigenvalue  problem  need  be  formulated 
only  once  at  the  beginning  of  the  time- 
history  solution.  The  modal  super¬ 
position  method  ia  used  for  a  change  of 
bacio  from  n  nodal  to  p  modal  coordi¬ 
nates,  p  <  n,  prior  to  the  time-history 
solution. ”  The  contributions  of  the 
nonlinear  terms  are  treated  as  coordi¬ 
nate  forces  that  are  evaluated  during 
the  numerical  integration  of  the 
equations  of  motion.  If  the  objective 
of  the  time-history  simulation  la  to 
predict  the  nonlinear  suspension  strut 
forcus,  the  modal  superposition  series 
can  be  truncated  after  a  few  modes 
since  the  higher  frequency  vibrations 
do  not  affect  the  suspension  response. 
Nevertheless,  the  dynamic  response  of 
some  of  the  critical  structural 
components  may  be  significantly 
affected  by  high  frequency  modes.  The 
necessHy  of  including  higher  frequency 
vibration  modes  is  especially  relevant 
when  force-related  quantities  such  as 
internal  loads  are  being  estimated. 
Structural  coordinate  displacements  can 
be  expresaed  as  the  product  of  the  mode 
shape  matrix  and  the  modal  amplitude 
vector.  On  the  other  hand,  the 
structure  elastic  forces  can  be  written 
as  the  triple  matrix  product  of  the 
structure  macs  matrix,  mode  shape 
matrix,  and  a  vector  of  modal  dis¬ 
placements  that  are  multiplied  by  the 
square  of  the  correjponding  modal 
frequencies.  Since  each  modal  contri¬ 
bution  is  multiplied  by  the  square  of 
its  natural  frequency,  the  higher 
frequency  vibration  modes  are  more 
important  in  simulating  forces  than 
displacements.  If  the  transient 
behavior  of  cuch  high  frequency 
response  quantities  is  to  be  predicted 
the  original  physical  model  must  be 
sufficiently  refined  to  yield  meaning¬ 
ful  vibration  information  on  the  high 
frequency  modes  which  must  be  included 
in  the  modal  superposition  series. 
However,  even  if  the  high  frequency 
vibration  date,  is  available  to  the 
required  accuracy,  the  time-history 
analysis  is  not  a  uteful  technique  to 
simulate  the  dynamic  response  of 
structural  components  that  are  affected 
by  the  high  frequency  modes,  it  is  not 
practical  to  include  the  higher 


frequency  vibration  modes  with  numerical 
reliability  within  the  constraints  of 
time-domain  discretization.  It  would  be 
necessary  to  decrease  the  time  increment 
by  several  orders  of  magnitude  to  simu¬ 
late  the  higher  frequency  modes  con¬ 
sistently.  Such  refinement  of  tha  time 
step  with  the  addition  of  a  greater 
number  of  modal  coordinates  makes  the 
time-history  analysis  approach  prohibi¬ 
tively  expensive  for  design  calcu¬ 
lations.  A  reliable  and  efficient 
method  is  needed  to  simulate  total 
structural  response  for  comparison  with 
critical  utt'us  limits  or  to  establish 
relevant  design  criteria. 

To  accomplish  this  task,  a  hybrid 
analytical  method  is  formulated;  aimed 
at  defining  an  optimal  solution  path 
that  will  reliably  predict  dynamio 
response.  The  method  incorporates  a 
time-history  analysis  for  the  nonlinear 
response  with  a  frequency  domain 
analysis  of  the  linear  modes.  First  the 
time-history  analysis  including  the  non¬ 
linear  components  and  a  small  number  of 
linear  modes  is  conducted.  Partial 
decoupling  of  the  nonlinearities  from 
the  rest  of  the  structure  constitutes 
the  second  step.  The  remaining  linear 
dynamic  subsystem  is  analyzed  through 
the  frequency  domain  under  external 
forces  and  interactions  from  tha  non¬ 
linear  components. 

The  numerical  objective  of  this 
paper  is  to  validate  the  fundamental 
assumption  made  m  the  new  hybrid  formu¬ 
lation.  The  numerical  results  presented 
are  chosen  to  corroborate  partial  de¬ 
coupling  as  a  raaliratlc  procedure.  Not- 
withsi  w.ding  wi  th  the  fact  thut  the  niw 
method  is  envisioned  as  a  means  lor 
etricifMU  dynamic  simulation  for  complex 
structures,  the  first  numerical  appli¬ 
cation  is  made  to  a  rather  simple  two- 
dimensional  beam  vehicle  that  ia  taxiing 
over  an  irregular  profile.  The  choico 
of  a  simple  beam  to  represent  an  elastic 
vehicle  1b  to  have  r  mpleta  assurance 
and  control  on  the  finite  clement  model 
during  this  first  stage  validation  of 
the  hybrid  method.  The  results  show  a 
reasonable  justification  of  the  modal 
decoupling  assumption  and  indicate 
possible  directions  of  research  for  the 
improvement  and  development  of  the 
method . 

Although  the  hyl>r.iu  simulation 
method  is  examined  ■irimarily  with 
reference  to  the  ta.-ilng  vehicle 
problem,  it  should  be  noted  that  other 
examples  of  physical  systems  cat.  also  be 
found  in  the  Bame  dynamic  category.  In 
general  any  combination  of  linear 
elastic  substructures  coupled  tognther 
by  nonlinoar  energy  absorption  and 


dissipation  devices  can  be  analyzed 
with  the  developed  method.  Specific 
examples  include  earthquake  resistant 
buildings  incorporating  nonlinear 
"Safety  Fuse"  elements  and  space 
structures  that  are  composed  of  linear 
elastic  substructures  assembled  to¬ 
gether  by  means  of  nonlinear  couplers 
that  absorb  vibration  energy  and  are 
used  for  attitude  control  adjustments. 


The  nonlinear  effects  can  be  expressed 
as  additional  cc jrdinate  loads i 

{PNL}  "  IkNLj  {u)  <<> 

the  equations  of  dynamic  equilibrium  are 
written  as 

[m]  (ii>+  tc]  {u)+(k°]  { u ) - i P } - < PNL >  (5) 


FORMULATION  OF  THE  NONLINEAR  PROBLEM 

In  general,  the  structure  nodal 
coordinate  dynamic  equilibrium 
equations  oan  b«  written  as  {1] 

[m]  (u)  +  [c]  tu}  +  [k]  {u >  «  {P)(i) 


The  effective  { Pjjl ^  l°ads  are  determined 
at  each  time  step  from  nonlinear 
component  properties. 

To  ohange  the  aolution  basis  from 
n  nodal  to  p  modal  coordinates,  p  <  n, 
an  orthogonal  transformation  is  wrTtten 


where 

[m]  ■  structure  nodal  coordinate 
mess  matrix 

lu]  »  list  of  nodel  coordinate  dis¬ 
placements 

[c]  -  structure  damping  matrix 

Ik]  -  structure  piecawiaa  linear 
tangent  stiffness  matrix 
(includes  both  constant  and 
variable  stiffness 
coefficients) 

(P)  ■  list  of  external  loads 

Eq.  (1)  is  not  convenient  for 
representation  in  terma  of  an  orthogo¬ 
nal  modal  basil,  when  ths  structure 
if fuses  matrix  in  reassembled  at  eaah 
solution  step,  it  becomes  a! so 
necessary  to  redefine  and  reanalyze  inn 
vibr-.t.ion  oigenvaluo  problem. 


{u>  ■  [ <M  (n)  (6) 

nxl  nxp  pxl 

where  n  are  the  generalized  modal  co¬ 
ordinates  and  [<H  is  the  mode  shape 
matrix  whose  columns  ave  ths  orthogonal 
sigsnvaatova  {$}  of  the  vibration 
problem  defined  by 

(k°J  t*>)  -  u2  Im)  {*>  (7) 

where  ui  is  the  natural  frequency  corre¬ 
sponding  to  {$).  Thu  vibration  problem 
need  bs  formulated  only  once  at  the 
beginning  of  time-history  analytic  due 
to  the  exclusion  of  tho  variable 
components  from  the  stiffness  matrix 
tk°] .  The  equations  of  motion  oan  be 
written  in  modal  coordinate* 

IM]  f  ti>+  [C]  {n)  +  IK]  {ni-I<MT{P-PNr  >  (0) 

pxppxl  pxppxl  pxppxl  pxn  nxl  ' 

where 


The  transformation  to  modal 
coordinates  becomes  practical  only  if 
the  nonlmearitios  are  accounted  for  in 
terma  of  additional  effective  loads. 

To  achieve  this,  the  total  atiffneas 
matrix  [k]  In  Eq.  (1)  is  separated  into 
its  linear  and  nonlinear  components 

[k]  -  Ik0)  1-  tkNL]  (2) 


CM]  ■  generalized  mass  matrix; 
IM]  -  !♦!*  (ml  U) 


[C] 

[K] 

ci 


modal  dumping  matrix; 
°jj  *  Cij  ‘  ° 


modal  stirrnasB  matrix; 
Kjj  "  “TV  Kij  -  0 

jth  modal  damping  ratio 


where 

Ik0'  -»  constant,  linear  elastic 
stiffness  matrix 

IkNL]  i-  nonlinear  stiffnesses  which 
depond  on  the  state  of 
deformation 

•Jubstituting  Eq.  (2)  into  Eq.  (1) 

Im]  (0}+tc]  (u}i  tk°]  {u}+[kNI'J  {uMP}  (3) 


The  time-history  integration  of  the 
equations  of  motion  can  now  bn 
accomplished  more  efficiently  in  terms 
of  the  modal  coordinates.  It  should  bu 
noted  that  although  time-hiatjry  inte¬ 
gration  is  performed  using  the  modal 
coordinates,  some  nodal  displacements 
must  be  calculated  at  each  time  step  to 
evaluate  the  effective  load  vector  (Pnl) 
in  Eq.  (8).  Generally  this  does  not 
pose  a  problem  since  the  effective  loads 
usually  act  only  at  a  small  number  of 
nodal  coordinates. 
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It  is  relevant  to  take  note  of  the 
modeling  requirements  for  the  free 
vibration  problem  of  a  linear  sub¬ 
structure  within  the  context  of  the 
orthogonal  formulation  given  by  Eq.  (8)  . 
In  Eq.  (8) ,  eaoh  linear  substructure  is 
considered  separately  from  the 
surrounding  nonlinear  components.  The 
interactive  forces  between  a  sub¬ 
structure  and  its  surroundings  are 
considered  as  external  loads  at  the  sub¬ 
structure  boundaries. 

The  linear  elastic  substructure  ir 
represented  by  a  finite  element  model 
that  consists  cf  a  number  of  nodes 
oonneotod  by  idealised  discrete  ele¬ 
ments.  The  required  refinement  of  the 
finite  element  model  depends  upon 
structural  geometry,  boundary  con¬ 
ditions  and  applied  loading.  The 
vibration  eigenvalue  problem  for  the 
linear  substructure  is  dofined  by  Eq. 

(7) .  In  order  that  the  modal  equations, 
Eq.  (8) ,  be  entirely  orthogonal  includ¬ 
ing  the  rigid  body  modes,  the  stiffness 
[k&]  and  mass  [m]  matrices  in  Eq.  (7) 
are  defined  for  the  unconstrained 
structure.  In.  Eq.  (?)  the  mass  matrix 
is  positive  definite,  the  stiffness 
matrix  is  semi-definite.  Another 
requirement  for  the  orthogonality  of  the 
elastic  vibration  modes  to  the  rigid 
body  modes  is  the  definition  of  the  mode 
shape  vectors  {$}  in  Eq,  (7)  relative  to 
the  dynamic  center  of  muse  of  the 
flexible  substructure .  The  dynamic 
center  of  mass  can  be  dofined  an  the 
instantaneoua  oentor  oil  structural  mass 
during  dynamic  response.  Ths  behavior 
of  tha  dynamic  center  of  mass  is 
described  by  the  rigid  body  modes  of 
motion.  Thus,  the  dynamic  center  of 
mass  will  remain  stationary  during  free 
vibrations  of  an  unconstrained 
atructura  [fj. 

In  general,  any  structure 
coordinate  displacement  car  bn  exprossod 
aa  tha  aum  of  rigid  body  diaplacemant 
contributions  plus  tho  effeot  of  elastic 
structural  deformations.  Ths  elastic 
deformations can  be  expressed  in  tsrmw  of 
the  amplitudes  of  flexible  vibration 
modqs.  If  we  writo  the  modal  (super¬ 
position  equations  for  all  structure 
coordinates  in  matrix  form  then 

(u)  -  t-tiR)  {uR}  +  ((((p]  (q)  (9) 

where 

{uR}  ■■  vector  of  rigid  body 
dieplacementa 

[<(iRJ  «  vector  or  rigid  body  modal 
influence  coefficients. 

Each  column  of  [<t>R]  Hats 
the  dieplacementa  at 


structure  coordinates  due 
to  a  unit  displacement  of 
the  corresponding  rigid 
body  coordinate. 

[$_]  ~  mode  shape  matrix  of  the 
*  flexible  modes.  Each 

column  of  [gp]  represents 
a  mode  shape  vector. 

{q}  *  flexible  mods  amplitudes 

The  superposition  equations,  Eq. 

(9)  may  be  combined  into  a  single 
matrix  of  rigid  body  plua  flexible  modal 
influenoe  coefficients 

Up 

{u}  -  [gR  gp]  (10) 

nxl  nxp  pxl 

defining  new  symbols  for  the  combined 
matrices 

(u)  -  [g]  (n)  (11) 

which  is  the  some  aa  Eq.  (6).  It 
should  be  noted  that  the  rigid  body 
modes  must  have  the  specific  scales  to 
render  the  generalised  mesa  equal  to 
the  physical  mass  or  inertia  of  tha 
corresponding  rigid  body  mode. 
Accordingly,  in  Eq.  (9)  if  Ui  is  in  the 
same  direction  ns  the  jth  rigid  body 
mode  Up j ,  then  tail  is  tha  moment  arm 
of  u^  ffom  the  jtn  .rigid  body  rotation 
axis  [2]. 

COMPUTATION  Of  STRUCTURAL  RESPONSE 

Tito  first  step  is  tho  computation 
of  time-history  response  of  nonlinear 
components.  A  time-history  integration 
of  the  modal  «qv\«tl.ona  of  motion,  Eq. 
(8),  is  performed  including  a  small 
number  of  modoo  that  are  sufficient  to 
represent  the  flexible  deformations  of 
the  elastic  structure  for  thn  purpose 
of  estimating  the  behavior  of  the  non¬ 
linear  components.  Although  the  mass, 
damping  and  stiffness  matriaeij  era 
diagonal  in  Eq.  (8),  the  time-biatory 
integration  of  tho  equations  must 
progress  simultaneously  rinen  the 
equatiorie  are  eouplod  with  PNL  nonlinear 
barms  on  the  right  hand  side. 

After  the  time-hiotory 
determination  of  the  nonlinear  forces 
the  total  structural  rnaponBe  iv 
evaluated  through  tho  frequency  domain. 
The  basic  requirements  for  a  frequency 
domain  analysis  are  that  thu  nonlinear 
interaction  forces  ace  known  and  the 
linear  systems  are  represented  by  ortho¬ 
gonal  generalized  coordinates.  At  this 
stage  a  much  greater  number  of  modes  can 
ba  included  to  represent,  the  linear 
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substructure  in  detail  for  the  determi¬ 
nation  of  its  intarnal  response  due  to 
tha  numerical  stability  ana  efficiency 
of  frequently  domain  analysis. 

The  time-history  dynamic  forces, 
including  tha  nonlinear  interaction 
forces,  acting  on  tha  linear  sub¬ 
structure  are  first  oonverted  to  the 
frequency  domain  by  Discrete  Fourier 
Transformation  (DPT) .  The  DFT  coef- 
ficents  are  defined  as  [1] 

C  ,(S  >  "  4t  Nj;1  *'(t)e“2lTint/N» 
n+1  n  t-0 

n-0,  N-l  (12) 

where 

i  m  /=Z 

At  -  T/N 

T  -  total  time  period 

oonsidared  ( includes  an 
attached  period  of  F(t)  - 
0  to  take  into  account  the 
periodic  nature  of  DFT) 

N  -  number  of  discrete  time 

intervals  in  T 


given  by  (1) 

V**  -i%Hj(rjn»Cj(5n)ei,Jnt  (15) 

or  since  EL  *  nAw  and  Aw  «  uL/N  ;  (16) 

n  n 

n j  <t)  -  5fJ5jjHj(n+l)Cj(n+l)e2l,int/'N(17) 

Both  the  DFT  harmonic  amplitude  coef¬ 
ficients  of  the  generalized  foroea,  Eq. 
(12) ,  and  the  TFT  to  solve  for 
generalised  displacements,  Bq.  (17), 
can  be  rapidly  generated  by  modern  Faat 
Fourier  Transform  (FFT)  algorithms. 

Modal  aoaelerations  can  be  evalu¬ 
ated  from  the  second  time  derivative  of 
Eq.  (17) 

H  S&O  Hj (n+1)  Cj (n+1) 

(r4rV,  ,2ttint/N  (l8) 

The  structure  nodal  coordinate 
displacements  can  be  obtained  from  the 
modal  superposition  equations 


un  ■  forcing  frequency 

C(u  )  >  coefficients  defining  the 
F‘  discretized  harmonic 
amplitude  function 

The  Complex-Freguenoy-Reaponae- 
Function  (CFRF) ,  Hj  (uip) ,  for  each  jth 
generalized  structural  mode  under  the 
foroing  frequency  5n  ie  defined  as  [1] 


W  “ 


_ 1_ 

+  i  (jj 


n  Cjj  +  Kjj 


(u (t) }  ■  [*)  (n(t) )  (19) 

nxl  nxp  pxl 

Other  reaonse  parameters  suoh  as 
stresses  or  loads  developed  in  varioue 
struotural  components  aan  be  evaluated 
directly  from  the  displacements.  For 
example,  the  elastic  forces  (f )  which 
resist  the  deformation  of  the  structure 
are  given  directly  by  the  displacement!! 
and  the  structure  stiffness  coef¬ 
ficients  . 

(f(t)}  -  tk°]  (u  (t) }  -  Ik0]  [g>]  <n  <t) )  (20) 


where 

i  »  /-T 

Hj, ,C j j ,K. j  -  jth  generalized  modal 
33  jj  J  J  mass,  damping,  and 
stiffness, 
respectively 

For  the  rigid  body  modes  C.  .  •>  K... 

-  0,  and  33  33 

H,(Sn>  “  -rr —  (14) 

3  -<  "u 

It  can  be  shown  that  the  total  response 
of  a  system  to  any  foroing  input  can  be 
written  by  means  of  Inverse  Fourier 
Transformations  (IFT) .  The  displace¬ 
ments  of  the  jth  modal  coordinate  are 


An  alternative  expression  for  the 
elastic  forces  can  be  written  in  terms 
of  the  structure  mast  matrix  and 
natural  frequencies.  Expanding  Eq.  (20) 
in  terms  of  the  modal  contributions 

{ f  <t)  >  -  [k0H*1)n1(t)  4  (k0]{gaJn2(t) 

+  ...  +  tk°Hn_}n_(t)  (21) 

r  t* 

Substituting  Eq.  (7)  in  each  term  of 
Eq.  (21) 

{ f  ( t )  ,  -  w2  [m]  { (t)  +w2  [m]  { g>2 }  (t) 

+  . . .  +  iDptm]  {(fpJnpU)  (22) 


Combining  back  into  matrix  form 


-  [m] [«)  U*  n3 <*) >  (23) 

where  (iu3  n j (t) )  repreeente  a  vector  of 
modal  amplitudes,  each  multiplied  by 
the  square  of  ita  modal  frequency. 

in  Eq.  (20) ,  If  (k°)  la  the  sub- 
atruotura  atiffneaa  matrix  and  (u(t)) 
la  the  Hat  of  aubntructure  coordinate 
displacements  then  f(t)  are  the  total 
elaatio  force a  at  the  aubatructura  nodal 
ooordinatas.  To  obtain  the  internal 
Btraanaa  at  particular  looationa  in  the 
aubatructure ,  the  elemental  atiffneaa 
matricea  and  the  correaponding  element 
vertex  diaplaoementa  are  uaed. 

{f ' (t)  >  -  no  {u'(t)}  (24) 

where  prime  indioataa  the  quantitlea 
that  are  defined  with  reapeot  to 
elemental  vertex  coordinatea. 

APPLICATION  TO  TAXIINQ  VEHICLE 

The  baaic  premiae  of  the  formu¬ 
lated  hybrid  mothod*  that  the  reaponae 
of  the  nonlinear  componenta  ia  influ¬ 
enced  primarily  by  the  moat  fundamental 
vibration  modea  and  frequanciaa  muat  be 
verified  by  numerical  application  of 
the  method  to  a  model  problem.  A  aimple 
taxiing  vehicle  model  ia  uaed  to  compare 
the  new  method  with  time-hietory 
analyaia  and  to  validate  the  practi¬ 
cality  of  partial  modal  decoupling.  The 
phyaical  modal  oonaiata  of  a  two- 
dimanaional  aimple  beam  vehicle  texiing 
over  an  irregular  profile.  The  choice 
of  a  taxiing  vehiole  example  at  thia 
firat  atage  of  numerical  verification 
ia  due  to  the  availability  of  the  FDL- 
TAXI  program  that  ia  uaed  for  time- 
hiatory  analyaia.  The  FDL-TAXT  program 
ia  a  relatively  aimple  program,  yet  it 
haa  been  validated  by  oompariaon  to 
extenaive  teating.  Details  of  the  TAXI 
program  are  well  documented  in  reference 
13). 

The  ohoioe  of  a  aimple  beam  to 
repreaent  an  elaatio  vahicle  ia  to  have 
complete  aaaurance  and  aontrol  on  the 
finite  element  model.  The  vehicle 
model  uaed  ia  dapiated  in  Fig.  1.  The 
vehicle  ia  repreaented  by  twelve  beam 
elementa.  Individual  beam  elementa  are 
taken  to  be  100  in.  long  and  weigh  4606 
lba  each  with  a  bending  rigidity  of 
29x10°  lba-in2.  Theae  elemental 
propertiea  are  aeleotod  to  render  the 
overall  weight  of  the  vehicle  compatible 
with  the  auapenaion  propertiea  that  are 
designed  for  a  vehicle  of  about  55,000 
lba.  The  aupenaion  ayatem  conaiata  of 
nonlinear,  oleo-pneumatic  energy 
abaorption  devices.  Typical  nonlinear 
landing  gear  load-deflection  relation¬ 


ships  are  used  to  represent  the 
auapenaion  gear  propertiea.  Each 
auapenaion  strut  force  ia  represented 
as  the  sum  of  pneumatic  spring  force, 
hydraulic  damping  force  and  strut 
friction  force.  The  procedures  in  the 
existing  FDL-TAXI  program  are  uaed  to 
model  the  auapenaion  ayatem  similar  to 
that  of  a  typical  fighter  aircraft  [4]. 

Prior  to  the  transient  analyaia  it 
ia  necessary  to  define  the  vibration 
problem  and  to  determine  the  uncon¬ 
strained  vibration  modea  and  the 
natural  frequencies  of  the  linear 
vehiole  aubatructure.  The  vibration 
problem  for  the  unconstrained  vehiole 
is  solved  by  an  eigenaolution  algorithm 
baaed  on  the  generalised  Jacobi  method 
with  eigenvalue  shifts  [1].  The  so¬ 
lution  of  the  eigenproblem  supplies  the 
vibration  mode  shape,  natural  frequency 
and  generalised  mean  data  which  ia 
needed  both  in  time-history  and 
frequency  domain  analyaea.  Once  the 
free  vibration  propertiea  are 
determined,  nonlinear  time-hiatory  simu¬ 
lations  are  made  uaing  various  dimensions 
for  the  modal  basis  aa  defined  by  Eq. 

(6) .  Two  percent  modal  damping  is 
assumed  for  each  flexible  mode.  For  the 
aimple  vehiole  modal  with  12  elements 
and  26  geometric  coordinates  a  maximum 
of  14  modea  are  considered  including  2 
rigid  body  modes  and  12  flexible  modes. 
In  theory  it  would  be  possible  to 
include  the  entire  set  of  26  modes. 
However,  it  has  bean  found  that  the 
vibration  problem  solution  for  the 
higher  modes  is  susoeptible  to  numerical 
inacouraciue.  It  has  been  observed  that 
only  the  firat  half  of  the  vibration 
modal  data  is  numerically  reliable  [5]. 
Accordingly,  time-hiatory  simulations 
are  made  uaing  4,  6  and  14  orthogonal 
modea.  The  vehiole  ia  assumed  to  travel 
at  a  constant  velocity  of  44  ft/sso. 

The  total  runway  length  traveled  is  230 
ft.  with  a  standard  78  ft.  AM-2  mat 
beginning  at  106  ft.  The  AM-2  mat  is 
1.3  in.  high  and  includes  4  ft.  linear 
rampa  at  both  ends.  The  earns  time 
discretisation  intorval  of  0.00023 
aaconda  ia  uaed  in  all  time-history 
analyses.  This  ia  the  maximum  dis¬ 
cretisation  interval  whioh  can  be  uaed 
to  aeoure  numerical  convergence  with 
time-hiatory  integration  when  the 
maximum  number  of  14  modes  are  included. 
With  the  14-mode  time-history  analysis 
the  vehicle  structure  geometric 
coordinate  response  ia  also  oomputed  for 
later  compariaon  with  the  hybrid 
results.  Internal  loads  are  ohosen  aa 
controlling  test  cases  because  of  the 
inherent  difficulty  of  predicting  them 
on  the  basis  of  a  small  number  of  modes. 
Specifically,  the  internal  bending 
moment  at  coordinate  4  and  the  shear 
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foroei  at  coordinates  5  and  9,  as 
referenced  by  Fig.  1,  arc  presented  in 
comparative  results  in  Fig.  2  through 
Fig.  10.  In  these  figures  the  time 
increment  is  0.002  seconds  which  is  the 
same  as  the  discretisation  interval  in 
frequency  domain  analysis  and  the 
horisontal  axis  spans  S.2  seconds.  The 
broken  lines  represent  the  time-history 
simulations  and  the  solid  lines 
represent  the  hybrid  simulations  using 
the  time- history  nonlinear  suspension 
forces  aombinad  with  frequency  domain 
analysis.  A11  time-history  curves 
(broken  lines)  are  computed  on  the 
basis  of  14  orthogonal  generalised 
modes  used  in  the  TAXI  program.  All 
hybrid  ourves  also  use  14  modes  in  the 
frequency  domain  analysis.  However,  in 
the  hybrid  method  the  time-history  non¬ 
linear  forces  that  are  converted  to  the 
frequency  domain  are  computed  on  the 
baeis  of  various  number  of  modes,  The 
different  hybrid  solutions  are  dis¬ 
tinguished  from  one  another  on  the 
basis  of  the  modal  oontent  represented 
in  their  nonlinear  force  time-history 
inputs . 


In  rigs.  2,  3,  and  4  comparisons 
between  the  hybrid  method  and  time- 
history  integration  for  the  dynamic 
response  of  the  internal  bending  moment 
at  coordinate  4  is  presented,  in  Fig. 

2  both  the  hybrid  method  and  the  time- 
history  integration  are  baaed  on  14 
modes.  The  Initial  phase  of  the 
response,  which  is  seen  as  the  rela¬ 
tively  flat  portion  of  the  plot,  corre¬ 
sponds  to  the  perfectly  flat  portion  of 
the'  runway.  Theoretically,  the  dynamio 
response  In  this  region  should  not  be 
different  from  sero.  However,  both  the 
hybrid  and  time-history  integration 
schemes  as  implemented  in  this  first 
study  are  vulnerable  to  small  numerical 
perturbations,  seen  here  as  a  deviation 
from  a  aero  response.  The  previously 
described  AM-2  mat  is  encountered  by 
the  taxiing  vehicle  at  time  increment 
1203.  The  dynamic  response  of  interest 
appears  after  the  mat  Is  oncountered, 

The  hybrid  method  simulation  (solid 
line)  is  seen  to  follow  the  oharaoter  of 
the  response  as  calculated  by  complete 
time-history  integration  quite  olosely. 
There  are  differences,  however,  in  the 
peak  values  as  predicted  by  the  two 
methods.  It  is  not  known  at  this  time 
which  solution  gives  a  better  estimate 
of  the  peak  values.  However,  it  is 
expeoted  that  the  time-history  solution 
will  overshoot  the  peaks  becauso  of 
numerical  constraints  and  the  hybrid 
solution  may  flatten  them  out.  It  is 
expected  that  improvement  in  the 
numerical  algorithms  used  to  obtain  both 


discrepancy  seen  in  these  comparisons. 

Fig.  3  shows  the  dynamic  response 
of  the  same  internal  bending  moment  at 
coordinate  4  as  in  Fig.  2.  However,  in 
the  hybrid  method  the  number  of  modes 
included  in  the  determination  of  the 
nonlinear  atrut  foroce  hae  baen  raduoed 
to  8  from  the  referenoe  value  of  14. 

The  time-hietory  integration  plot 
remaine  the  aame  aa  in  Fig.  2,  contain¬ 
ing  14  modea.  Comparieon  of  the  two 
curves  in  Fig.  3  again  ahowa  that  the 
dynamio  response  aa  predicted  by  the 
two  methods  ia  characteristically  in 
good  agreement.  Comparing  Figs.  2  and 
3,  it  ia  aeon  that  the  reduction  of  the 
number  of  modes  in  the  hybrid  analyeia 
haa  had  vary  little  effect  on  the 
responso  simulation.  A  preliminary 
aonolueion  may  thua  be  drawn  that 
apparently  the  nonlinear  suspension 
reaponae  oan  be  represented  with  negli- 

?ibla  error  on  the  basis  of  8  modea  as 
n  Fig.  3,  compared  to  a  basis  of  14 
modes  as  in  Fig.  2,  Thus,  the  compari¬ 
son  of  the  solid  lins  plots  of  ths 
hybrid  msthod  from  Figs.  2  end  3 
demonstrate  the  validity  of  partial 
model  decoupling  assumption  for  thia 
example. 

Fig.  4  again  showa  tha  banding 
moment  response  at  coordinate  4.  The 
time-history  integration  with  14  modes 
end  the  hybrid  solution  with  only  4 
modes  including  two  rigid  body  and  two 
flexible  modea  ara  plotted  for  compari¬ 
son,  It  is  immediately  obvious  that 
ths  hybrid  aimulation  In  Fig.  4  differs 
greatly  in  character  end  magnitude  from 
the  time-history  solution.  It  is 
concluded  that  2  flexible  modes  are 
eimply  too  few  to  adequately  represent 
the  vehicle  elastic  behavior  in  the 
computation  of  the  dynamic  response  of 
tha  nonlinear  suspension  struts. 

Figs.  5,  6,  end  7  are  analogous  to 
Figi.  2,  3,  and  4,  reapectively  in 
comparing  the  hybrid  simulations  with 
time-history  analyeia.  Tha  dynamic 
reaponae  of  the  internal  ahaar  force  at 
vehicle  coordinate  3,  as  referenced  by 
Fig.  1,  is  plotted  in  Figs.  S,  6,  and  7. 
Fig.  5  shows  the  hybrid  solution  on  the 
basie  of  14  modea.  Figs.  6  and  7  ahow 
the  hybrid  solution  on  the  baeia  of  8 
and  4  modea,  respectively,  included  in 
the  determination  of  the  nonlinear 
auapenaion  forces.  The  numorical 
perturbations  discussed  in  Figs.  2,  3, 
and  4  are  similarly  present  in  Figs.  5, 
6,  and  7.  Nevertheless,  comparing  Figs. 
5  and  6  it  is  again  observed  that  the  8 
mode  simulation  give  as  good  an  approxi¬ 
mation  aa  does  the  14  mode  simulation. 
Also,  the  4  mode  simulation  is  again 
inadequate  as  can  be  seen  from  Fig.  7. 
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Ths  dynamic  response  of  the  in¬ 
ternal  ahaar  force  at  coordinate  9  ia 
shown  in  Figs,  8,  9,  and  10. 

Coordinate  9  ia  of  special  interest 
because  it  is  the  attachment  point  for 
the  main  suspension  gaar  strut.  Fig.  8 
shows  the  hybrid  solution  with  14  modes. 
Figs.  9  and  10  show  the  hybrid  solution 
with  8  and  4  modes,  reapectively .  From 
these  three  figures  it  la  aeon  that  the 
numerical  perturbationa  in  the  initial 
smooth  profile  differ  significantly 
from  sero.  However,  comparison  of  this 
response  as  predicted  by  the  hybrid 
method  in  each  of  the  Figs.  8,  9  and  10 
shows  that  these  non  aero  perturbationa 
are  most  likely  contained  in  only  the 
lowest  modea,  possibly  the  rigid  body 
modes.  Even  though  the  response 
differs  from  the  expected  sero  response 
in  the  initial  phase,  the  character  of 
the  hybrid  response  ourve  still  follows 
the  general  character  of  time-history 
aimulation  plot.  As  before,  there  ia 
virtually  no  difference  between  the 
hybrid  simulations  containing  14  and  8 
modaa,  as  depicted  in  Figa.  8  and  9, 
reapectively.  Again,  however,  the  4 
mode  hybrid  response  of  Fig.  10  ia 
inadequate  for  predicting  the  dynamic 
behavior . 

CONCLUSION 

The  basic  premise  of  the  hybrid 
method,  that  the  nonlinear  response  in  a 
structure  with  diaorete  nonlinear 
components  is  influence  primarily  by  the 
low  frequency  vibration  modes  of  the 
linear  substructure,  has  been  verified 
in  a  preliminary  way.  In  the  case  of 
the  vehicle  model  wnioh  has  been  the 
subjeot  of  numerical  work  in  this  papor, 
the  nonlinear  component  response  was 
successfully  modeled  by  including  only 
six  flaxible  modes  or  one  quarter  of 
the  total  number  of  flexible  modes  of 
the  linear  substructure.  It  is  thus 
concluded  that  the  postulated  partial 
modal  decoupling  of  the  nonlinear 
components  from  the  linear  structure 
actually  occurs,  making  the  hybrid 
solution  method  a  viable  approach  for 
the  analysis  of  structures  with  distinct 
nonlinearities.  In  practical  cases 
where  the  total  number  of  modes  which 
must  be  included  to  adequately  represent 
the  dynamic  response  of  the  linear 
structures  is  quite  large,  it  is 
expected  that  the  hybrid  method  will 
greatly  reduce  the  computational  effort 
required  in  dynamic  simulations. 

The  promise  of  the  hybrid  method 
has  been  demonstrated,  however,  the 
results  reported  in  this  paper  must  be 
regarded  as  preliminary.  Additional 
ressarch  is  needed  before  the  hybrid 
method  can  be  developed  into  a  reliable 


and  efficient  analysis  tool.  Specifi¬ 
cally,  mors  information  must  be 
obtained  c,.!  numerical  requirements  such 
as  the  maximum  time-step  site 
oonutraint  to  achieve  reasonable 
accuracy  and  the  modal  content  needed 
for  a  realistic  solution  for  .lergs  and 
complex  systems.  Studies  must  ba  dons 
to  better  understand  the  nature  of 
partial  decoupling  of  the  nonlinear 
component  response  from  the  highor 
fraqusnoy  vibration  modes  of  the  linear 
substructure.  In  thia  regard  the  extent 
of  decoupling  which  could  be  expeated 
to  oaour  in  satual  complex  struoturea 
must  be  determined  in  s  realistic  way. 
in  the  study  presented  in  this  paper 
the  modol  structure  was  a  simple  26 
degrae-of-friedom  system  end  the  non¬ 
linear  component  response  waa 
adequately  represented  by  one  quarter 
of  the  flexible  modea.  However,  in 
larger  and  more  complex  systems,  the 
required  number  of  modes  for  simulation 
of  the  nonlinear  forcea  ia  not  expected 
to  increase  in  proportion  to  the  degree 
of  complexity  of  tna  problem.  The  non¬ 
linear  raaponsa  is  expected  to  be 
contained  within  the  lowest  12  modea 
even  for  very  large  systems.  This 
aasumption  must  ba  verified  through 
extensive  testing  of  the  new  hybrid 
method. 

Finally,  as  s  result  of  the 
particular  numerical  insight  gained  in 
this  paper,  it  asams  appropriate  to 
contemplate  the  reorganisation  of  the 
hybrid  method  to  aot  more  interaotively 
with  time-history  integration.  Namely, 
a  piecewise  linear  hybrid  iterative 
method  is  envisioned  in  future  work  in 
which  nonlinear  time-history  integration 
and  linear  structural  analysis  proceed 
in  parallel  with  mutual  checking  and 
corrections. 
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Fig.  1.  Simple  Beam  Vehicle  Model 
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Fig.  2.  Bonding  Moment  at  Coordinate  4 

Bolidi  Hybrid  Simulation  with  14  Modes 
Dashed i  Time  History  Simulation  with 
14  Modes 
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Fig  3.  Banding  Moment  at  Coordinate  4 

Solid!  Hybrid  Simulation  with  8  Modes 
Dashadi  Tima  History  Simulation  with 
14  Modes 
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Fig,  4.  Bonding  Moment  at  Coordinate  4 

Solldi  Hybrid  simulation  with  4  Modes 
Dashedi  Time  History  Simulation  with 
14  Modes 
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Fig.  9.  Shear  Force  at  Coordinate  9 

Solid i  Hybrid  Simulation  with  8  Modes 
Dashed)  Tims  History  Simulation  with 
14  Modes 
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Fig.  10.  Shear  Force  at  Coordinate  9 

Solid!  Hybrid  Simulation  with  4  Modes 
Dashed  i  Time  History  Simulation  with 
14  Modes 
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DISCUSSION 


Mr.  Roeg  (McDonnell  Douglas  Aircraft 
Corporation)  i  Do  you  plan  to  aoquira  any  data 
Cron  any  Hi  VS  BOUNCE  or  BOR  taata  to  oorralata 
thin  analysis? 

Mr.  Minnatyam  The  next  step  in  this  mini-grant 
ia  to  apply  this  method  to  an  actual  aircraft. 
1  am  glad  you  asked  that  question  because  I  have 
two  choices r  I  oan  either  apply  it  to  the  F4  or 
to  the  FIS  aircraft,  whichever  I  can  find  tha 
data  for.  I  know  there  are  test  data  for  those 
aircraft,  and  I  can  com  para  those  test  data  to 
see  how  the  simulation  will  work.  Without  being 
able  to  compare  this  with  aotual  teat  data,  I 
can't  really  say  much.  And  even  if  1  compare  it 
with  the  actual  data,  as  you  know,  the  aotual 
test  data  for  taated  aircraft  can  have  certain 
shortcomings.  Perhaps  a  controlled  loading 
environment  type  of  teat  would  be  more 
appropriate  to  verify  and  validate  this  method 
of  analysis. 
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Experimental  and  analytical  investigations  of  a  series-hydrau¬ 
lic,  active  loads  control  main  landing  gear  from  a  light, 
twin-engine  civil  aircraft  have  been  conducted.  The  experi¬ 
mental  tests  were  conducted  both  at  the  NASA  Langley  Research 
Center  Aircraft  Landing  Dynamics  Facility  and  at  the  Air  Force 
Wright  Aeronautical  Laboratory  Landing  Gear  Development 
Facility.  Those  tests  included  landing  impact  and  traversal 
of  simulated  runway  roughness.  The  results  of  these  investi¬ 
gations  show  that  the  active  gear  is  feasible  and  very  effec¬ 
tive  in  reducing  the  force  transmitted  to  the  airframe.  Pre¬ 
liminary  validation  of  a  multi-degree-of- freedom  Active  Gear 
Flexible  Airframe  Takeoff  and  Landing  analysis  computer  pro¬ 
gram,  which  may  be  used  as  a  design  tool  for  active  gear  sys¬ 
tems,  has  besn  accomplished  by  comparing  experimental  and  com¬ 
puted  data  for  the  passive  and  active  gears  ■ _ 


INTRODUCTION 

Aircraft  dynamic  loads  and  vibra¬ 
tions  resulting  from  landing  impact  and 
from  traversing  runway  and  taxiway  un¬ 
evenness  are  reoognizad  as  significant 
factors  in  causing  fatigue  damage,  ex¬ 
cessive  airframe  loads,  crew  and  passen- 
er  discomfort,  end  reduction  in  the  pl¬ 
ot's  ability  to  control  the  aircraft  on 
the  ground.  One  potential  solution  for 
alleviating  these  ground  operational 
problems  is  the  application  of  active- 
control  technology  to  the  landing  gears 
to  reduce  ground  loads  applied  to  the 
airframe . 

An  active  control  system  has  been 
designed  and  fabricated  to  remove  or  add 
fluid  to  the  landing  gear  shock  strut 
piston  to  regulate  tha  shock  etrv.t 
forca.  A  main  landing  gear  from  a  Piper 
Navajo,  a  light,  twin-engine  civil  air¬ 
craft,  was  modified  to  accomodate  the 
control  aystem.  This  approach  is  called 
"series -hydraulic"  control  because  the 
control  servovalve  is  in  series  with  the 
lending  gear  strut  and  tha  hydraulic 
fluid  is  pumped  in  and  out  of  the  strut 
to  affect  control. 

Landing  simulation  testa  employing 
the  series-hydraulic  active  control  gear 


have  been  conducted  at  the  NASA  Langley 
Research  Center  Aircraft  Landing 
Dynamics  Facility  to  determine  the  feas¬ 
ibility  and  potential  of  tha  active  gear 
for  reducing  ground  loads  transmitted  to 
the  airframe.  These  teats  simulated 
touchdown  impact  and  rollout  over  a  sur¬ 
face  having  discrete  and  long  wavelength 
unevenness  for  passive  and  active  ver¬ 
sions  of  the  gear. 

As  a  result  of  U.S.  Air  Force  in¬ 
terest  in  potential  solutions  to  the 
runway  denial  problem,  ohaker  tests  of 
the  passive  and  active  versions  of  the 
gear  were  conducted  at  the  Air  Force 
Wright  Aeronautical  Laboratories (AFWAL) . 
These  testa  were  made  to  investigate 
possible  performance  limitations  of  tha 
active  gear  during  the  rollout  phase  of 
a  landing  by  utilizing  a  hydraulic  shak¬ 
er  to  provide  sinusoidal  and  step  inputs 
at  various  amplitudes  and  frequencies. 
The  Inputs  r.re  representative  of  the 
traversal  of  runway  unevenness.  A  mul 
ti-degree-of-freedom  Active  Gear  Flexi¬ 
ble  Airframe  Takeoff  and  Landing  analy¬ 
sis  romputer  program  (acronym  AGFATL) 
has  been  developed  and  data  from  the 
teats  are  presently  being  employed  to 
validate  the  computer  program. 

This  paper  presents  results  of  the 
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Figure  1,  Schematic  of  active  control  landing  gear. 


experimental  and  analytical  Investiga¬ 
tion*  to  demonstrate  the  feasibility  and 
potential  of  thia  type  of  active  loads 
control  gear.  The  landing  simulation 
tests  were  conducted  with  a  mass  on  the 
gear  of  104  slugs  (one-half  the  mass  of 
Navajo  airplane),  pitch  attitudes  from 
0°  to  13°,  touchdown  sink  rates  from  3 
to  5.5  ft/sec,  and  ground  speeds  from  8 
to  80  knots.  The  shaker  tests  were  con¬ 
ducted  with  a  mass  on  the  sear  of  93 
slugs,  sinusoidal  inputs  of  0.5  to  2.0 
inches  double  amplitude  at  frequencies 
from  1  to  20  Hz.  The  amplitudes  of  the 
step  inputea  investigated  were  varied  at 
0.5  inch  intervals  from  0.5  to  4.5 
Inches . 

DESCRIPTION  OF  ACTIVE  CONTROL  GEAR 

A  schematic  of  the  active  control 
landing  gear  ie  shown  in  Figure  1.  Thr 
lending  gear  strut  was  modified  by  re¬ 
placing  the  single-well  orifice  support 
tuba  with  e  doubled-walled  tube.  This 
annular  tube  expose*  the  fluid  in  the 
strut  piston,  through  the  cylinder  head 
adapter,  to  the  servovalva.  The  control 
hardware  required  for  the  active  gear 
test  program  waa  o  200  gallon-par-minute 
eervovalve,  a  low-pressure  reeervoir,  a 


hydraulic  pump,  a  high-preseure  accumu¬ 
lator,  an  electronic  controller,  and 
feedback  transducers.  The  hand  valve 
shown  permitted  isolation  of  the  gear 
from  the  control  hardware,  thus  allowing 
the  conduction  of  passive  gear  tests. 

The  electronic  controller  amplifies 
and  shapes  feedback  transducer  signals, 
determines  the  operating  mode  (takeoff 
or  landing),  and  implements  control 
laws.  The  control  laws  programmed  into 
the  controller  are  based  on  the  follow¬ 
ing  logic.  Assuming  the  airplane  mass 
remains  constant  during  a  landing,  the 
controller  employe  the  touchdown  sink 
rate  to  compute  the  touchdown  energy. 
During  gear  compression  the  shock  strut 
hydraulic  force  increases,  and  the  con¬ 
troller  computes  and  compares  the  re¬ 
maining  work  capability  of  the  shock 
strut  (determined  from  the  accelerometer 
and  linear  potentiometer  rignals)  with 
the  touchdown  energy.  When  the  shock 
strut  work  capability  equals  or  exceeds 
the  touchdown  energy,  the  controller 
stores  the  instantaneous  value  of  the 
acceleration  (wing-gear  interface  force) 
for  use  as  the  control  limit  force. 

This  force  is  maintained  by  the  removal/ 
addition  of  hydraulic  fluid  from/to  the 
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Figure  .  Active  control 

e'uock  strut  piston.  At  a  predetermined 
momentum  level,  for  a  specific  airplane- 
gee'  design,  the  controller  linearly 
transitions  tb?  control-limit  force  to 
zero  for  rollout.  During  rollout,  the 
controller  maintains  the  wing-gear  in¬ 
terface  force  within  a  specified  toler¬ 
ance  about  zero  force.  After  control 
initiation,  tho  controller  continuously 
operates  with  a  long  time-constant  con¬ 
trol  to  return  the  gear  shock-strut  to 
the  designed  static  position. 

LANDING  SIMULATION  TESTS 
Test  Apparatus 

Figure  2  shows  the  active  control 
landing  gear  test  apparatus  lnotalled 
on  the  test  carriage  at  the  NASA/LaRC 
Aircraft  Landing  Dynamics  Facility,  The 
essential  elements  of  the  apparatus  arc 
a  drop  frame,  a  pitching  beam,  the  modi¬ 
fied  Navajo  main  gear,  a  lift  force  sim¬ 
ulator,  an  elevator  force  simulator,  and 
a  nose-gear  force  simulator.  The  land¬ 
ing  gear  is  attached  to  the  pitching 


Lilt  simulator 


Elevator  loroi 


simulator 


tding  gear  test  apparatus. 

beam  at  a  distance  aft  of  the  center  of 
rotation  and  mass  center  equal  to  the 
distance  the  main  gear  is  located  aft  of 
the  center-of-gravity  on  the  Navajo  air¬ 
plane.  The  elements  of  the  active  con¬ 
trol  hydraulic  power  unit  which  would 
be  required  on  board  an  airplane  with  an 
active  gear  system  are  the  high-pressure 
reservoir  and  the  servovalve. 

Figure  3  shows  the  elevation  pro¬ 
file  of  the  runway  unevenness  investi¬ 
gated.  Two  step  bumps  were  installed  on 
the  surface  at  spacing  distances,  deter¬ 
mined  by  the  carriage  forward  speed,  to 

Sroduce  encounter  frequencies  of  2  to  A 
z.  In  a  recently  repaired  section  of 
the  runway  outface,  long-wave- length 
changes  in  surface  elevation  of  approxi¬ 
mately  the  same  magnitude  (1.25  inches) 
as  that  of  the  step  bumps  were  measured, 
This  unevenness  is  referred  to  aB  natu¬ 
ral  bumps  in  this  paper. 

Touchdown  Impact 

The  touchdown  impact  phase  ia 


Touchdown  Impact 


Time,  sec 

Figura  4.  Kxptrimantal  data  obtained  during  touchdown  impact 


Traversing  Stop  Bumps  it  40  knots 


Figure  S.  Experimental  data  obtained  during  traverse  of  step  bumps. 


defined  as  that  portion  of  the  landing 
which  includes  initial  impact,  rebound, 
and  secondary  impact  to  essentially  sta¬ 
tic  equilibrium  for  rollout.  Data  ob¬ 
tained  from  the  passive  and  active  sears 
during  the  touchdown  Impact  phase  or  a 
simulated  lending  are  shown  in  Figure  4. 
Mase-centor  forces  are  presented  aa  a 
function  of  tims  aftar  touchdown  which 
occurs  at  time  aero.  The  initial  Impact 
for  the  paasive  gear  require*  approxi¬ 
mately  0.2  seoonaei  but  the  active  gear, 
bacauta  of  the  approxlmatlay  31%  lowar 
fore#,  raqulraa  approximately  0.4  sec¬ 
ond*  tc  dissipate  the  touchdown  energy. 
Subsequent  to  the  initial  Impact,  the 
mass  rebounds  and  both  passive  and  ac¬ 
tive  gears  fully  extend  and  loss  contact 
with  tha  surface  as  Indicated  by  the  ac¬ 
celerative  mass-center  force  of  approxi¬ 
mately  3300  pounda-force .  Logic  pro- 
rammed  into  the  electronic  controller 
eaotivataa  control  when  the  shock  strut 
is  fully  extended,  hence  the  motive  gear 
was  not  undar  control  during  rebound 
from  initial  impact.  During  aacondary 
lmpaot,  tha  deceleration  foroa  of  the 
active  geer  la  limited  by  tha  controllar 
to  approximately  800  pounds- force ,  which 
results  in  a  38%  reduction  relative  to 
that  generated  with  the  passive  gear. 
During  rebound  from  the  aacondary  im¬ 
pact,  tha  accelerative  fore*  of  the  ac¬ 
tive  gear  wee  reduced  67%  relative  to 
that  of  the  passive  geer. 

Traverse  of  Step  Bumps 


Figure  5  shows  mass -canter  forca 
data  aa  a  function  of  time  aftar  touch¬ 
down  for  tha  passive  and  active  gears 
traversing  the  stap  bumps,  which  were 
spaced  to  provide  an  encounter  frequency 
of  2  Ha  at  the  40  knot  ground  speed. 

The  time  related  location,  duration,  and 
•pacing  of  tha  two  step  bumps  are  indi¬ 
cated  along  tha  time  seals.  For  encoun¬ 
ter  with  the  first  stap  bump,  the  active 
gear  reduced  the  decelerating,  mass- 
center  force  (negative  force)  by  31% 
relative  to  that  of  tha  passive  gear. 

The  reduction  in  accelerating  force  was 
7%  during  rebound.  Following  rebound 
and  prior  to  encounter  with  the  second 
bump,  tha  active  gear  exhibited  damped 
fore*  oscillations  due  to  control  re¬ 
sponse.  The  magnitude  of  theso  oscilla¬ 
tions  did  not  exceed  that  which  occurred 
Initially.  At  encounter  with  the  second 
•tep  bump,  tha  active  gear  was  effective 
in  reducing  the  decelerating  force  by 
33%  relative  to  that  generated  by  the 
passive  geer.  This  increased  effective¬ 
ness  of  the  active  geer  may  be  attribu¬ 
ted,  since  the  active  gear  force  level 
is  about  the  same  as  that  which  occurred 
during  encounter  with  the  first  bump,  to 
the  fact  that  the  2  Hz  spacing  of  tha 
bumps  resultad  in  a  reinforcement  of  tha 
passive  gear  mass-center  force.  During 
rebound  the  active  gear  resulted  in  a 
reduction  of  accelerating  mesa-center 
force  of  15%.  Subsequent  to  rebound 
from  the  second  step  bump,  the  active 
gear  was  affective  in  reducing  the  masa- 
center  decelerating  and  accelerating 


Traversing  Natural  Bumps  it  80  knots 


Active  gaar 


Figure  6.  Experimental  data  obtained 

foroaa  by  approximately  407.  aa  the  gaara 
racumad  to  atatlo  aquiUbxlum. 

Travaraa  of  Natural  Bumps 

Typical  maso-centor  foroa  data  ob¬ 
tained  from  active  and  pasaiva  gaar 
taste  during  travaraa  of  the  natural 
bumps  at  a  ground  spaed  of  80  knots  era 
raaantad  in  Figure  6.  Maas-center 
orca  is  shown  plotted  as  a  function  of 
time  after  touohdown.  The  numbers  as¬ 
signed  to  the  mass-canter  decelerating 
foroa  peaka  correspond  to  those  shown 
on  tha  track  surface  (Figure  3)  and  are 
used  to  correlate  masa-center  forces 
with  the  changes  in  surface  profile.  To 
illuatrate  the  effects  of  bump  ampli¬ 
tudes  and  the  rate  of  change  of  these 
amplitudes  on  gear  forces,  hence  mass- 
center  forces,  the  data  obtained  during 
the  travereal  of  bumps  1  and  2  are  dis¬ 
cussed.  The  track  surface  profile  of 
Figure  3  shows  that  bump  1  has  an  ampli¬ 
tude  almost  twice  that  of  bump  2,  but 
has  a  shallower  slope  than  bump  2.  The 
mass-center  force  for  the  passive  gear 
during  traversal  of  bump  2  is  approxi¬ 
mately  twice  that  developed  during  tra¬ 
verse  of  bump  1.  Thus,  the  rate  of 
change  of  surface  elevations  has  a  great¬ 
er  influence  on  the  force  developed  by 
the  geer  than  the  amplitude  of  the  ele¬ 
vation  changes .  This  agrees  with  oleo- 
neumatic  shock  strut  theory  that  de¬ 
ltas  the  hydralic  force  (which  accounts 
for  about  90%  of  tha  dynamic  force  de- 


during  traverse  of  natural  bumps . 

velopad  by  the  shock  strut)  as  a  func¬ 
tion  of  tna  shook  strut  velocity. 
Therefore,  the  series-hydraulic  control 
system,  eesuming  adequate  control  system 
response  and  Blmllar  strut  binding  fric¬ 
tion  effects,  should  be  more  effective 
during  traversal  of  bumps  with  steeper 
slopeu.  This  is  shown  in  Figure  6 
where  tha  active  sear  reduced  the  decel¬ 
erating  force  by  627.  during  traverse  of 
the  second  bump  and  by  only  137.  during 
traverse  of  the  firat  bump.  The  active 
gear  also  reduced  the  accelerating  for¬ 
ce*  during  traverse  of  the  first  and 
second  bumps  by  51  and  457.,  respectively. 
During  traversal  of  the  third  bump  the 
active  goar  reduced  the  decelerating 
force  by  247,. 

Shaker  Tests 

The  test  apparatus  setup  for  tha 
conduct  of  tha  shaker  tests  is  shown  in 
Figure  7.  The  modified  Navajo  gear  is 
Bhown  attached  to  the  drop  towar  bucket 
and  resting  on  the  ehaker  table.  The 
gear  is  supporting  the  93  slug  drop  tow¬ 
er  bucket  in  static  equilibrium  with  the 
gear  stroked  approximately  5  inches. 

The  flexible  hone  which  connects  the 
cylinder  head  adapter  of  the  modified 
gear  to  the  hydraulic  power  unit  ie  also 
shown.  Testing  was  conducted  on  both 
the  passive  and  active  gears  by  program¬ 
ming  the  ahaker  to  provide  various  hav- 
eralne  and  step  inputs. 
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Flgura  7.  Tast  apparatus  for  ahakar  teata. 

Forcing  Function  5  Cycles  at  1. 9  Hz  with  Double  Amplitude  of  2  Inches 
Strut  Resonance  Fraquancy  -  1.25  Hi 
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Figure  9.  Strok*  response  near  resonance  frequency. 


Aoo*l«racion  Reiponae 
Naar  Resonance  Fraquancy 


Gaar  Stroka  Rasponaa 
Naar  Raaonanca  Fraquancy 


Tha  raaponaaa  of  tha  paaaiva  and 
active  gaara  to  a  forcing  fraquancy  naar 
atrut  raaonanca  fraquancy  ara  ahown  in 
Figure  8.  Tha  atrut  raaonanca  fraquancy 
is  approximately  1.25  Ha  and  tha  forcing 
function  applied  conelatad  of  five  cyclea 
at  a  frequency  of  1.3  He  with  a  double  ampli¬ 
tude  of  two  inch**.  The  data  aro  presen¬ 
ted  as  upper  maaa  acceleration  aa  a 
function  of  time.  Negative  acceleration 
rapraaanta  load  applied  upward  on  tha 
maaa  by  tha  gear.  The  circled  numbers 
indicate  tha  comprasaiva  pa aka  of  the 
five  cycles  of  excitation.  The  affact 
of  raaonanca  on  tha  paaaiva  gaar  accel¬ 
eration*  ia  vary  pronounced.  Tha  accel¬ 
erations  increase  to  maximum  values  of 
approximately  -2.23  and  1  g-unita  after 
three  excitation  cycles.  Subsequent  to 
tha  five  axcitatlon  cycles,  the  passive 
gaar  continues  to  generate  tha  maximum 
accelerations  for  approximately  two  cy¬ 
cles  before  appreciable  damping  occurs. 
In  contrast,  the  active  gear  is  vary  ef¬ 
fective  in  limiting  the  accelerations  of 
the  mass.  The  accelerations  ara  con¬ 
trolled  to  valuai  of  approximately  TQ.l 
g-unit'  during  the  five  excitation  cy¬ 
clea.  Subsequent  to  the  five  excitation 
cycles,  the  active  gear  returns  to  sta¬ 
tic  equilibrium  in  approximately  one 
cycle. 


Tha  stroke  responses  of  the  passive 
and  active  gears  to  a  forcing  frequency 
near  passive  strut  resonance  frequency 
are  shown  in  Figure  9.  Tha  data  are 
presented  as  variations  of  strut  stroka 
about  the  static  equilibrium  stroke  (ap¬ 
proximately  five  inches)  shown  as  zero 
stroke  on  the  figure.  The  circled  num¬ 
bers  on  the  figure  indicate  the  compres¬ 
sive  peaks  of  tha  five  excitation  cy¬ 
cles.  The  passive  gear  stroke  data  more 
graphically  illustrate  the  effect  of 
resonance.  After  approximately  two  ex¬ 
citation  cyclea,  the  strut  is  stroking 
between  the  stroke  limits  of  maximum 
compression  and  maximum  extension,  with 
tha  tire  leaving  the  shaker  table.  Tha 
strut  continues  to  operate  in  this  mode 
for  approximately  two  cycles  after  ces¬ 
sation  of  the  input  excitation  and  be¬ 
fore  significant  damping  becomes  appar¬ 
ent.  The  active  gear  stroka  indicates 
no  resonant  response  since  the  stroke 
approximates  the  amplitude  of  the  input 
axcitatlon  with  the  exception  of  the 
response  to  the  first  compressive  peak 
of  the  input  excitation.  During  the 
first  compressive  peak,  the  stroke  is 
greater  tnan  that  which  occurs  during 
subsequent  compressive  peeks  and  is 
twice  as  great  as  the  stroke  which  oc¬ 
curred  with  the  passive  gear.  This 


Forcing  Function;  Stop  Input  with  Amplitude  of  2.5  inches 


Figure  10.  Acceleration 

illuetratee  the  basic  principle  of  the 
aative  gear,  which  ia  the  dissipation  of 
the  energy  input  to  the  mesa,  over 
greater  stroke  at  a  lower  force  level. 

Acceleration  Response  to  a  Step  Input 

The  aocaleration  responses  of  the 
mass  to  a  step  input  with  an  amplitude 
of  2.3  inches  are  shown  for  the  passive 
and  active  gears  in  Figure  10.  Mass  ac¬ 
celerations  are  plotted  as  a  function  of 
time.  A  step  bump  ia  simulated  by  an 
Initial  compressive  (step  up)  input  and 
a  step  down  input  after  the  pass!”)  gear 
had  returned  to  static  equilibrium,  com¬ 
parison  of  the  active  and  passive  gear 
data  illustrate  two  significant  advan¬ 
tages  of  the  active  gear,  First,  the 
mass  accelerations  experienced  with  the 
active  gear  during  the  atep  up  and  step 
down  inputs  were  approximately  one  half 
of  those  generated  oy  the  passive  gear. 
Secondly,  the  active  gear  was  vary  ef¬ 
fective  in  attenuating  the  response  fol¬ 
lowing  the  step  up  ana  step  down  Inputs, 
This  capability  virtually  eliminates  the 
possibility  of  mutual  reinforcement  of 
responses  from  consecutive  inputs  and 
thus  avoids  the  detrimental  effects  as¬ 
sociated  with  such  reinforcement  of  re¬ 
sponses  . 

Preliminary  Validation  of  AGFATL 

An  examination  of  the  experimental 


response  to  a  step  input. 

shock  strut  data  revealed  the  presence 
of  large  binding  friction  forces  in  the 
gear  and  the  test  apparatus .  For  exam¬ 
ple,  during  the  initial  and  secondary 
impact  phases  whan  the  gear  was  compres¬ 
sing  at  its  maximum  stroking  rate,  the 
stroke  data  showed  that  the  gear  stopped 
stroking  for  a  ahort  period  end  then  re¬ 
sumed  compressive  stroking.  This  phe¬ 
nomenon  was  obssrved  during  tests  of 
both  ths  passive  and  active  goers  with 
multiple  cycles  oecuring  during  gear 
comprsssion,  particularly  during  secon¬ 
dary  impact  where  maximum  gear  stroke 
was  encountered.  During  initial  compu¬ 
ter  (AGFATL)  simulations  of  tha  test  da¬ 
te,  it  became  obvious  that  these  binding 
friction  affects  would  have  to  be  in¬ 
cluded  to  obtain  acceptable  agreement 
between  the  computed  and  experimental 
data , 

A  comparison  of  experimental  and 
computed  data  is  presented  in  Figure  11 
for  the  active  and  passive  gears  during 
the  touchdown  impact  phase  of  a  landing. 
Mass-center  forces  ars  plotted  as  a 
function  of  time  from  touchdown  which 
occurs  at  time  zero.  The  maximum  values 
of  the  experimental  and  computed  maes- 
canter  forces  for  both  the  active  and 
passive  gears  are  in  good  agreement. 
However,  the  computed  values  of-these 
forces  occur  at  a  later  time  that  the 
experimental  values.  This  difference  is 
attributed  to  the  difficulty  of  including 


o  Experimental 


Figure  11.  Comparison  of  experiment*!  and  computed  data  for  touchdown  impact. 


in  the  computer  aimulatione  the  binding 
friction  forcea  in  the  timing  aaquenoa 
that  occurred  in  the  experiment.  Sub- 
aequent  to  the  initial  impact)  the  agree¬ 
ment  between  computed  and  experimental 
date  for  the  rebound  and  secondary  im¬ 
pact  phaaea  is  good  for  both  the  paaaive 
and  active  geara . 

Concluding  Remarks 

Experimental  and  analytical  investi¬ 
gations  of  passive  and  active  loads  con¬ 
trol  versions  of  a  main  landing  gear 
from  a  light,  twin-engine  civil  aircraft 
have  bean  conducted  to  determine  the 
feasibility  and  potential  of  the  ective 
geer  in  reducing  ground  loads  applied 
through  the  gear  to  the  airframe.  The 
potential  of  the  active  gear  was  evalu- 
atad  by  employing  landing  simulation 
teats  and  ahakar  tests  or  both  passive 
and  active  versions  of  the  gear.  The 
performance  of  the  geer  was  determined 
during  touchdown  impact  and  traverse  of 
two  types  of  surface  unevenness!  abrupt 
discontinuities  representative  of  uneven 
settlement  of  runway  sections,  and  long¬ 
er  wave  length  variationa  in  runway  ele¬ 
vation. 

Results  of  the  landing  simulation 


tests  show  that  the  active  gear  was  vary 
affective  in  reducing  mase-center  forces 
relative  to  forces  generated  by  the 
passive  gear  during  touchdown  impact, 
traversal  of  step  bumps,  and  traversal 
of  natural  bumpe.  Results  of  the  shaker 
tests  also  showed  that  the  active  gear 
provided  large  reductions  in  upper  mass 
accelerations  throughout,  the  range  of 
test  parameters.  No  responses  Indicative 
of  active  system  resonant  frequency  were 
obtained  during  the  testing,  and  the 
active  gear  was  very  effective  in  the 
elimination  of  resonance  effects  which 
occurred  at  1.3  Hz  with  the  passive  gear. 
Another  benefit  of  the  active  gear  re¬ 
sults  from  the  rapid  attenuation  of 
strut  response  which  eliminates  the  possi¬ 
bility  of  mutual  reinforcement  of 
responses  over  consecutivo  runway  rough¬ 
ness  profiles .  Preliminary  validation 
of  a  computer  program  call  AGFATL  which 
ia  useful  in  analysis  and  design  of 
active  gear  aybtems  was  accomplished. 
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DISCUSSION 


Nr.  cslggodts  (U.8.  Aray  Applied  Technology 
Lab) i  Hava  you  projected  tha  weight  panalty  for 
auoh  an  optimised  varalon  of  that  system? 

Hr.  Horrlai  Ha  want  through  a  full  itaration 
with  Fairohild.  They  ara  doing  some  work  for  ua 
on  an  A-10  rough  aoft  fiald  landing  gaar.  Thay 
want  through  and  oaloulatad  all  of  tha  panaltiaa 
aaaoeiatad  with  tha  aotiva  landing  gaar  veraua 
othar  alternatives  for  improving  our 
capability.  Ho  have  number  <  as  far  as 
avarything  that  is  Involved t  all  tha  way  down 
through  life  oyola  ooat  and  reliability  and 
aaintainability.  Ha  oan  aaa  right  now  there  ara 
aoaa  panaltiaa.  Ha  aaa  that  tha  aotiva  gear 
system  hasioally  offara  ua  about  tha  beat 
improvement  that  wo  have  today  for  inaraasing 
our  capability,  but  at  tha  saao  tint,  there  ara 
panaltiaa  that  have  to  be  weighed  against 
that.  Ha  hops  this  new  aotiva  systeat  that  I 
talked  about,  on  tha  F4,  night  alleviate  aooa  of 
those  panaltiaa 

Nr.  Calapodaai  Whet  about  Mating  tha 
orashworthinaaa  specifications?  1  think  it  ia 
about  20  Q's,  or  aoaa  thing  similar,  for 
haliooptara. 

Nr.  Norris i  In  landing  iiapaot,  you  ara  still 
limited  by  tha  sink  apaad  tha  gaar  oan  taka,  and 
your  strut  stroka.  Basioally,  wa  oan't  gat  a 
large  increase  in  actual  sink  apaad  of  tha 
aircraft,  so  wa  reduaa  tha  loads  at  tha  design 
sink  apoada. 

VOloa i  la  the  device  fail-eafa?  How  doaa  it 
work  whan  it  is  not  working  quite  right? 

Hr.  Morris i  It  faila  passively.  It  juat 
reverts  book  to  a  passive  node.  Tha  valve  will 
oloao,  end  than  it  will  bo  beak  into  e  passive 
strut. 

lit.  Col.  Allan  (Air  Force  office  of  Scientific 
Research)  i  ara  there  any  plana  to  taka  thia 
modified  M  over  sons  aotual  orator  repairs, 
suoh  as  thay  did  with  tha  passive  gear  F4? 

Nr.  Norris i  Ho  only  have  a  single  modified 
gaar,  eo  wa  don't  have  a  full  aat  of  gaar  to 
actually  mount  on  the  aircraft.  Ha  would  liko 
to  have  both  the  main  gaar  and  tha  uoaa  gear. 
Ha  have  an  upcoming  program  in  tha  air  Force  to 
look  at  a  STOl  airoraft  technology  demonstrator, 
and  it  will  incorporate  a  rough  soft  field  gear 
system.  If  the  contractor  that  gats  selected 
goes  through  thu  iteration,  and  if  ha  determines 
that  the  aotiva  gear  ia  the  beet  solution,  at 
that  time  we  will  probably  go  toward  full  aoale 
development  and  actually  flight  teat  thia  gear. 
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In  thla  papar  tha  authors  dlacuat  tha  ralatlva  marlti  of  frequency  domain  modal  Identl- 
flcatlon  procaduraa  uilng  racaptanca  (raaponia/axcltatlon)  and  structural  dynamic  stiff- 
nass  (axcltatlon/rasponsa)  raprasantatlons  of  maasurad  structural  rasponsa  data.  It  Is 
shewn  that,  whlla  tha  racaptanca  raprasantatlon  laads  to  adaquata  and  aaslly  obtained 
paramatars  for  systems  having  low  damping  and  stiffness  characteristics  which  vary 
slowly  with  fraquancy,  tha  dynamic  stiffness  raprasantatlon  has  distinct  advantages  whan 
tha  system  Is  nonconservatlve  and/or  has  characteristics  which  vary  rapidly  with  frequency. 


1.  INTRODUCTION 

Present  day  modal  Identification  techniques 
and/or  software  most  frequently  utilize  mea¬ 
sured  values  of  the  ratios  of  rasponsa  at  ona 
sat  of  points  of  a  system  to  tha  dynamic  axel* 
tatlon  at  another  sat  of  points.  Oapendlng  on 
tha  pickup  technique,  tha  rasponsa  quantity 
could  ba  amplitude  of  acceleration,  velocity, 
displacement  or  strain,  and  tha  excitation 
quantity  could  ba  a  force  or  a  moment.  Tha 
measurements  can  ba  obtained  using  digitally 
controlled  Sine-Swaap  tests,  as  Is  quits  com¬ 
mon  In  Europe,  or  tha  Fast  Fourier  Transform 
(FFT)  applied  to  Impulsively  excited  systams, 
as  Is  common  In  tha  U.S.A.  Each  approach  has 
Its  practical  advantages  and  disadvantages  but 
Ideally  ( 1 . a. ,  for  linear  systems  and  for  suf¬ 
ficiently  fins  fraquancy  Incremsnts)  they 
should  yield  Identical  plots  In  tha  fraquancy 
domain. 

Tha  Identification  process  applied  to  tha 
measured  response  and  excitation  data  Is 
essentially  that  of  determining  estimates  of 
the  various  modal  parameters  (such  as  resonant 
frequencies,  modal  damping,  modal  stiffness, 
modal  mass,  modal  shape  functions  and  number 
of  modes)  needed  to  best  fit  the  measured  date 
by  a  finite  series  of  standerd  linear  response 
solutions,  In  the  frequency  domain  [1-15], or 
by  complex  exponential  response  solutions,  In 
tha  time  domain  [16-18],  The  software  needed 


to  perform  these  calculations,  developed  over 
the  past  several  years,  Is  sophisticated  and 
effective,  end  Is  readily  available  for 
routine  applications  by  users  having  access  to 
the  appropriate  test  and  analysis  equipment 
and  related  software.  Each  combination  of 
software  and  equipment,  properly  and  equally 
used,  gives  essentially  the  same  values  for 
tha  parameters  needed  to  fit  the  data,  though 
some  differences  will  always  arise  because  of 
scatter,  errors,  slight  nonl Ineorltles,  Inter¬ 
ference  of  additional  degrees  of  freedom,  non- 
reproductlblllty  of  tests  and  so  forth.  Evan 
for  those  Individuals  who  need  apply  modal 
identification  techniques  only  occasionally, 
hand  calculations  on  a  mode-by-mode  basis  can 
readily  be  accomplished  using  at  most  a  pro¬ 
grammable  calculator,  provided  that  tha  modes 
are  well  separated.  For  closely  spaced  modes, 
Iterative  methods  are  required  for  hand  calcu¬ 
lation  as  well  as  for  the  more  sophisticated 
commercial  software.  Accuracy  and  convenience 
are  thereby  reduced.  No  totally  Insurmountable 
obstacles  arise,  however,  unless  the  number  of 
very  closely  spaced  modes  Is  very  great. 

Present  day  modal  H*nt1 flcatlon  techniques  are 
less  able  to  give  gooo  representations  of  the 
true  system  properties  for  strongly  nonconssrva* 
tlve  systems  such  as  those  containing  high 
damping  polymeric  materials,  or  for  rotating 
machinery  systems  with  continuous  flow  and 
transfer  of  energy  within  the  system.  In  these 


cihi,  an  alternative  approach,  which  hat  no 
•uch  apaclal  advantagai  for  low  damped  ayatams, 
becomes  Much  nor*  attractive,  Thl*  approach 
1i  tha  dynaalc  atlffnaia  tachnlqua,  for  which 
ona  examines,  and  flti  paramotart  to,  tha 
Matured  dynaalc  atlffness,  or  ratio  of  axclta- 
tlon  to  raaponaa,  For  wall  aaparatad  node*, 
tha  Modal  mm  or  atlffneaa  can  ba  directly 
read  off  tha  graph  of  dynaalc  itlffnei*  ve-iua 
frequency  squared  evan  for  high  danplng  1  avail, 
or  for  rapid  variation  of  properties  with 
frequency.  Table  1  Illustrates  som  of  tha 
Min  variations  of  tha  Mobility  and  iMpedanea 
concepts,  as  discussed  by  Ewlns  [14,  18]. 
AllaMng  [18]  gives  a  vary  useful  bibliography 
of  recant  contributions  on  modal  analysis. 

In  vlaw  of  tha  extensive  work  dona  by  Mny 
Investigators  In  tha  area  of  Modal  Idantlfl* 
cation  during  tha  past  several  years,  attested 
to  In  part  by  the  aforeMntloned  references,  It 
Is  the  purpose  of  the  authors  In  this  paper  to 
concentrate  attention  on  a  single  aspect  only, 
naMly  that  of  better  establishing,  as  far  as 
possible,  the  advantages  and  dlsadvantagas  uf 
the  dynaalc  stiffness  approach  as  couponed  with 
the  reeeptance  approach  [19,  20].  We  shall 
Illustrate  the  relative  effectiveness  of  these 
two  aodal  Identification  techniques  as  applied 
to  (a)  a  one  degree  of  freedom  system  and  (b) 
a  multiple  degrM  of  freedom  system,  using 
both:  a  Mde-uo  problem  (Initially  prescribed 
paraMters  with  observation  of  effectiveness 
In  recovering  these  paraMters)  and  som  actual 
experimental  results  for  systems  with  one,  two 
and  several  degrees  of  freedom. 

2.  m£ML  ANP  mm  shEEMESS  CWIITS 

2,1‘  Frequency  PoMln  Reeeptance  Concept 


If  a  structure  S,  as  Illustrated  In  Fig. 
1(a),  Is  excited  by  e  force  $,  exp  (Iwt)  at 
point  a,  the  response  W.  exp  fluit)  at  any 
point  J  (Including  1  ■  j)  will  depend  on  the 
structure  geoMtry,  Mterlals  and  boundary 
conditions.  From  any  given  test,  the  transfer 
reeeptance  a  .,  defined  as  W./St,  Is  a  complex 
quantity  having  both  amplitude  and  phase  rel¬ 
ative  to  that  of  S,.  Typically,  the  variation 
of  ^  with  frequency  will  be  as  Illustrated 
In  Figure  1(b).  The  peeks  correspond  to  reso¬ 
nant  nodes  of  the  system  and  between  the  reso¬ 
nant  peaks  lie  either  sharp  anti  resonances  or 
shallow  troughs.  Point  receptances  ( a .  or 
a,,)  will  always  have  anti  resonances  between 
resonances  but  transfer  recoptances  (1  y  J)  may 
or  nay  not.  The  phase  angles  change  by  about 
180*  at  each  resonance.  The  variation  of  a,, 
with  frequency  can  also  be  plotted  as  an  Argand 
or  Nyqulst  diagram,  as  In  Figure  lc,  In  which 


TABLE  1 

MOBILITY  AND  IMPEDANCE  DEFINITIONS 


•tSPONU  /  tlC  t  TAT  ION 

(iCITATION  /  IFSPOaSt 

Oi tplteaesant /Force  ■  Receptence 

Force/0 It placement  •  Dynamic  (Apparent) 
Uiffnett 

Velocity  /  Perce  ■  Neel  Illy 

forte  l  Velocity  •  Mechanical 
impedance 

Acceleration  /  Forte  •  Inertente 

Fere  0/AeeeUra  Men  «  Dynamic  (Apparent) 
Matt 

ttretn  /  Pert#  •  ho  sue  given 

Force  f  Strain  •  M  name  given 

the  real  part  of  a.,,  Is  plotted  against  the 
Imaginary  part.  Tne  circular  shapes  near  eaeh 
resonance  allow  one  to  estimate  the  modal  pa¬ 
raMters  unless  the  modes  are  too  closely 
spaced.  The  modal  representation  of  mobility, 
particularized  to  receptence  (displacement/force) 
Is: 


where  0n  (x£)  Is  the  n-th  modal  response 

function  at  point  x,,u  Is  the  n-th  resonant 
frequency,  n  the  n5thn»ode  loss  factor,  and  is 
the  n-th  modal  mass.  The  goal  of  modal  Identl® 
flcatlon  Is  to  obtain  the  best  estimate  of 
8.  (O*  (*<)•  ™n>  wn  for  *  f1n1te  number 

Nnof  selected  modes.  For  well  separated  modes, 

equation  (1)  gives  the  value  of  la., I  at  upui 

*J  n 


Figure  1.  Structural  response  behavior  of  an 
Ideal  structure. 
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Figure  5.  single  degree  of  freedom  system: 
Graph  of  direct  dynamic  stiffness  x_  versus 
frequency  squared  for  cases  (a)  to  {d).  (See 
Teble  2). 
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Figure  6.  Single  degree  of  freedom  system: 
Graph  of  quadrature  dynamic  stiffness  x_ 
versus  frequency  squared  for  cases  (a)  to 
(e)  (See  Table  2.) 


bandwidth  approach,  and  w  from  the  frequency 
at  which  | a  . |  Is  a  maximum,  one  can  estimate 
m  /0  (x  )  )  and  If  1  and  j  correspond  to 

tne  antinodal  point  for  the  given  mode,  0  (x  ) 
=  ®n(Xj)  =  1  W  5  J  =  antinodal  point),  then1 

at  that  point  is  determined,  and  from 

the  transfer  receptdnces  relating  response  at 
this  point  to  that  at  all  others,  0  (x  )  is 
determined,  0  (x^ )  remaining  1.0.  n  i 


2.2.  Time  Domain  Receptances 


Figure  1(d)  Illustrates  the  time-domain 
recaptance,  which  Is  the  Inverse  Fourier  trans¬ 
form  of  Figure  1(b),  and  corresponds  to  the 
unit  Impulse  response  of  the  system,  for 
S.(t)  *  S,fi(t).  The  Inverse  Fourier  transform 
of  aquation  (1),  for  n  «  1,  gives  to  a  suffi¬ 
cient  degree  of  approximation: 


Figure  7.  Single  degree  of  freedom  system: 
Graphs  of  ctQ  versus  a.  (Nyqulst  diagram)  for 
cases  (a)  tone)  (See  Table  2). 


Figure  6.  Single  degree  of  freedom  system: 
Graphs  of  x.  versus  xQ  for  cases  (a)  to  (e) 
(see  Table  Z). 


n  3  JSL  (13) 

“1 

whari  Aw  la  tht  separation  of  tha  two  fra  _ 

quencles  for  which  tha  aaplltuda  lor  I  Is  1/V2 
t litas  tha  path  emplltude.  For  casa  (d) ,  It  Is 
not  possible  to  determine  n  In  this  way,  but 
one  can  use  tha  quadrature  reeeptanee  aQ 
Instead,  through  tha  relationship:  4 


AWq/ui!  •  VI  0.6436q  -  Vl  -  0.6436n  (14) 

where  Au>q  Is  the  separation  of  the  two 

frequencies  where  oQ  Is  1/V2* tlsaas  the  peak 
value  of  or..  (See^Appendlx  1  for  details.) 
Table  2  shoes  the  values  of  q  obtained  In  this 
way  for  each  casa.  To  estlawite  k  and/or  e, 

one  eay  exaalne  the  value  of  |cr|  at  u  x  wi, 
and  note  froai  aquation  (1)  that: 

'“'urwuj  "  1/|U1‘  <1S) 

For  cases  (a)  through  (d),  we  can  read  off  the 
value  of  |a|  at  u  ■  wt  and  hence,  with  n 
already  determined,  find  k.  els  than  found 
froai  tha  relationship  k  ■  shi).  The  results 
are  again  lummarlzed  In  Table  2,  second  row. 
Note  that,  for  case  (b),  the  high  loss  factor 
hysteretlc  case,  considerable  error  occurs  In 
the  estlaata  of  n  and  this  Is  reflected  as  a 
coaparable  error  In  k  and  n.  Nots  also  that 
for  case  (c),  we  have  detanslnad  k  only  at 
w  ■  w,,  and  have  no  dear  Indication  of  Its 
value  at  other  frequencies.  Also,  for  case 
(d),  q  has  been  detenalned  only  at  w  ■  wt  and 
again  no  clear  Indication  Is  given  that  r)  Is 
actually  proportional  to  w  for  this  case. 


TABLE  3 

Results  of  Four  Decree  of  Freedom 
System  Identification  (Analytical) 
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3.1.2.  Identification  from  Dynamic  Stiffness 

From  the  graph  of  k»  versus  frequency 
squared,  In  Figure  5,  1tu1s  seen  that  k  Is 
given  by  tha  Intercept  on  tha  x.  axis  and  m  Is 
given  by  tha  slope  near  w  =  u^.  The  value  of 
q  Is  given  by  tha  value  of  x./k  at  all  fre¬ 
quencies,  as  In  Figure  6.  IT  k  varies  with 
frequency,  one  can  estimate  Its  value  at  any 
frequency  from  the  relationship  k  *  kd  +  kids, 
provided  that  tha  estimate  of  m  Is  accurate. 

The  values  of  k  and  m  determined  In  this  way 
are  summarized  for  eases  (a),  (b)  and  (d)  In 
Table  2,  row  3,  since  k  and  m  are  constant. 
Similarly,  the  values  of  q  for  cases  (a)  and 
(b),  determined  from  n  *  x^/k,  are  summarized. 

For  case  (c),  q  Is  still  equal  to  x./k,  but  It 
Is  clearly  seen  to  vary  with  frequency.  Act¬ 
ually,  a  plot  of  k.  versus  frequency,  Instead 
of  frequency  squared,  would  be  more  useful  for 
this  particular  case  since  It  would  graphically 
Illustrate  tha  fact  that  n  is  proportional  to 
frequency.  Nevertheless,  It  Is  easily  shown 
that  q  ■  2.39  x  10* *  w,  a  fact  which  Is  very 
difficult  to  derive  from  the  reeeptanee  plots. 
Table  2  shows  that,  for  cases  (a),  (c)  and  (d), 
the  dynamic  stiffness  and  reeeptanee  approaches 
give  comparable  accuracy  In  recovering  the 
Initial  data,  apart  from  the  frequency  depen¬ 
dence  of  k  In  case  (c)  and  of  n  In  case  (d). 

In  case  (b),  meaningful  data  Is  obtainable  only 
through  the  dynamic  stiffness  approach. 

3.2.  Multiple  Degree  of  Freedom  System 

Consider  a  four  degree  of  freedom  system, 
having  two  well  separated  modes  and  two  close¬ 
ly  spaced  modes,  typical  of  many  practical 
systems,  such  as  a  turbine  blade,  and  having 
tha  modal  parameters  suemarlzed  In  Table  3, 
the  first  column, In  accordance  with  equation 
(1).  Again,  the  purpose  of  this  example  Is  to 
Illustrate  how  well,  or  how  badly,  one  can 
recover  the  original  parameters  from  the 
calculated  values  of  or  x^. 

3.2.1.  Identification  from  Receotances 

Figure  9  gives  the  plot  of  |o,,| 
versus  frequency  obtained  by  substituting  the 
above  parameters  In  equation  (1),  and  figures 
10  and  11  show  the  variation  a..*  and  a.,Q  with 
frequency  squared.  J 

In  this  example,  the  modes  are  not  so  closely 
spaced  that  damping  cannot  be  measured  by  the 
half  power  bandwidth  method.  For  each  peak  in 
Figure  9,  n  bandwidth  *q  (±5X),  aven  for  the 
closely  spaced  modes,  a9nthe  expanded  Insert 
In  Figure  9  shows; the  values  of  n  so  determined 
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Figure  9.  Multiple  degree  of  freedom  system 
with  hysteretlc  deeping:  Graphi  of  receptance 
|atj|  veriui  frequency  (See  Table  3). 

are  summarized  In  Table  3,  coluan  2.  Now  at 
each  reaonance  peak,  equation  (1)  glvea: 

'“ij'eax  *  W  W7  VX  <16> 

io  that,,  for  the  point  receptance  where  4  ■  j, 
and  ln(xA)  -  9n(xj)  -  1: 

"n^n'Vaax  <17> 

The  four  values  of  m  (n  ■  1,2, 3, 4),  obtained 
using  equation  (16)  and  the  peak  values  of 
la.,1  froe  Figure  9,  are  given  In  Table  3, 
coTumn  2.  The  greatest  discrepancy  between 
these  values  and  the  given  Initial  values  Is 
1.5%  for  m4. 


The  modal  functions  0  (x.),  with  t  (x.)  ■  1, 
are  obtainable  from  equation  (10), "for  i»  j: 


w 


‘'Vmax  Vn\ 


(18) 


with  the  signs  chosen  to  correspond  to  the 
phase  of  a,.:  "plus"  for  angles  near  zero  and 
"minus"  forJangles  near  180®.  Since  a  and  w 
and  n  have  been  determined,  0  (x.)  1»  deter- n 
mined.  Table  3,  column  2,  summarizes  the 
results.  It  Is  seen  thet  the  largest  error  Is 
5.7%  for  mode  4.  While  the  error  could 
doubtless  be  reduced  by  more  careful  plotting, 
In  practice  one  does  not  have  comparisons  with 
an  Ideal  case  to  make,  so  this  gives  us  some 
Indication  of  the  errors  which  may  be  expected 
In  practical  cases. 


Another,  Independent,  estimate  of  0  (x.)  may 
be  obtained  from  |a.,|,  and  It  Is  useful  to 
compare  the  resultsJobta1ned  In  this  way  with 
those  given  above.  From  equation  (15): 


W  "  Vn^n^jj'max 

with  the  signs  again  corresponding  to  the 
phases  of  a, ..  The  values  of  0  (x.) 
determined  in  this  way  are  summarized  In  Table 
3,  column  3,  and  are  seen  to  agree  quite  well 
with  the  Initial  values.  On  the  whole,  It  Is 
clear  that  all  the  parameters  have  been 
recovered  with  quite  modest  errors  and  without 
very  great  effort.  This  reflects  the  general 
success  with  which  present  day  software  can 
Identify  these  parameters  by  curve-fitting 
procedures. 


Returning  to  Figure  9,  for  modes  2  and  3,  we 
see  that  It  becomes  difficult  to  obtain  an 

accurate  estimate  of  hi  and  ria  separately,  by 
the  bandwidth  method,  when  q>0.05.  This  is 
because  th«  modal  separation  ratio  defined 
here  at  (uts  -  «*)/«  with  w  ■  (u3  +  tu2)/2,  Is 
equal  to  0.07  and  when  n  approaches  this 
value,  separate  estimation  of  the  modal 


Figure  10.  Multiple  degree  of  freedom  system 
with  hysteretlc  damping:  Graphs  of  direct 
receptance  (a11D),  quadrature  receptance 
(a....0)  and  receptance  amplitude  la.J  versus 
frequency  (mode  1),  (See  Table  3). 
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Figure  11.  Multiple  degree  of  freedom  system 
with  hyeteretlc  damping.  Graph*  of  direct 
receptance*  (a1in).  quadrature  receptanca 
(o110)  and  raclptance  amplitude  |an|ver*u* 
frequency  (mode*  2  and  3),  (See  Taote  3). 


parameters  becomes  Impossible  and  simultaneous 
solution*  for  the  two  modes  must  be  obtained 
by  an  Iterative  method.  This  has  not  been 
attempted  here.  Figure*  10  and  11  Illustrate 
the  variation  of  a11D,  «11q  •nd|°'u|w1th 


frequency  for  modes  1,  2,  and  3.  In  this 
particular  example,  no  Information  can  b* 
obtained  from  these  plots  that  has  not  already 
been  obtained  from  Figure  9. 


Identification  from  Dynamic  Stiffness 


Figure  12  shows  the  variation  o* 

KiJD  *nd  KijQ  *  1,Z)  w1th  “*•  for  mod'  l' 


for  m  *  0-01  and  0.05,  Figure  13  shows 
the  variation  of  these  quantities  with  ws  for 
modes  2  and  3,  for  r|  *  0.01,  and  Figure  14 
shows  the  corresponding  plots  for  n  *  0.02. 
These  plots  were  derived  using  equation  (3) 
with  the  parameters  defined  In  Table  3,  column 
1. 

The  Intercepts  of  the  graphs  of  x  ...  versus 
frequency  squared  with  the  frequency  squared 
axis  give  the  values  of  w  (n  ■  1,2, 3, 4).  The 
slopes  of  the  graphs  of  x^p  versus  frequency 


Figure  12.  Multiple  degree  of  freedom  system 
for  two  cases  of  hysteretlc  damping;  Graph* 


Of  direct  dynamic  stiffness  (x  ._)  and 
quadrature  dynamic  stiffness  (K^Q)  versus 
frequency  squared  (Mode  1;  n  ■  Or 01  and 


0.05)  (Sea  Table  3). 


squared  near  each  crossing  point  u>  give  the 
values  of  m  directly.  Then  k  18  determined 
from  the  relationship  k  ■  m  The  values 
of  m  and  w  so  determined  are  summarized  In 
TablB  3,  column  4.  The  maximum  error  In 
determining  m  Is  3.8  percent  for  ma.  The 
modal  loss  factors  are  determined  from: 

%  "  KUQ/kn  "  (Z0> 

for  each  mode,  and  are  again  summarized  In 
Table  3,  column  4.  The  maximum  error  In 
determining  the  loss  factors  Is  8.6  percent 
for  na-  This  Is  partly  due  to  the  close 
proximity  of  modes  2  and  3. 


So  far,  to  determine  m  and  n 
concentrated  on  ku0  and  x11(J 
1  at  this  oolnt.  io  determin 


line  m  and  n  >  we  have 

110  *"d  KiiO'  ,1nc*  0n(Xl)  * 
To  determine  the  modal 


values  t  (xa) ,  we  can  use  the  previously 
determined  values  of  w  and  m  ,  along  with  the 
slopes  of  x12D  versus  frequency  squared  ats5 
wn,  accord! njuto  equation  (7): 


s 


n  -  0.02 


-Wn/(»K1yp/»lll>) 


(21) 


The  value*  of  0  (xg)  so  obtained  are  summarized 
In  Table  3,  column  4.  The  maxi  am  error  Is 
4.4  percent  for  0g(xg).  Similarly,  fro*  tha 
plot*  of  k2,q  versus  frequency  squared,  we  can 
obtain  an  litlmata  of  0  (xg)  since: 


I0n(xs)la 


n 

*«n/(8K 


220' 


/8w*) 


(22) 


The  values  of  0n(xg)  so  determined,  apart  from 

signs,  are  summarized  In  Table  3,  column  S. 

The  maximum  error  Is  12. 6X  for  0g(xg),  and  Is 
rather  high  because  of  the  anomalous  behavior 
of  k.jq  near  iu  *  uia.  Figure  14  Illustrates 
thls^problem  even  more  dramatically,  sine*  the 
curve  of  x,2D  versus  frequency  squared  does 
not  even  Intlrcopt  the  frequency  squared  axis 
at  all,  making  it  Impossible  to  estimate 
0a(*s)  From  x,2Q.  In  summary,  the  racaptanca 
and  dynamic  siTrfness  approaches  both  gave 
good  recovery  of  the  Initial  data,  but  neither 
method  gave  a  simple  means  of  overcoming 
effects  of  closely  spaced  modes.  Iterative 
methods  remain  necessary  for  alther  approach. 


Figure  13.  Multiple  degree  of  freedom  system 
with  hysteretlc  damping.  Graphs  of  direct 
dynamic  stiffness  (x.,n)  versus  frequency 
squared  (Modes  2,  3*,  rr«  0.01)  (See  Table  3). 

4.  IDENTIFICATION  OF  M00AL  PARAMETERS  FROM 

EXPERIMENTAL  DA?A 

In  order  to  compare  the  effectiveness  of 
the  various  modal  Identification  techniques,  a 
number  of  tests  were  conducted  on  various 
structural  systems,  including  a  single  degree 
of  freedom  system  with  variable  stiffness  end 
loss  factor,  a  two  degree  of  freedom  system, 
and  a  turbine  blade  having  several  degrees  of 
freedom. 


Figure  14.  Multiple  degree  of  freedom 
system:  Graphs  of  direct  dynamic  stiffness 
(x.,n)  versus  frequency  squared  (Modes  2,  3; 
n  «J0.02)  (See  Table  3). 


4.1  Single  Degree  of  Freedom  System 

The  system  considered  Is  illustrated  In  Figure 
15.  It  consists  of  a  mass  a  (5.3SS  kg) 
attached  to  a  large  block  of  polymeric  damping 
material  [21]  having  the  dimensions  Indicated. 
The  specimen  was  Impacted  by  a  force  gage  • 
hammer  system,  and  tha  response  of  the  mass  m 
was  measured  by  an  accelerometer.  The  time 
domain  measurements  were  converted  to  frequency 
domain  by  state  Df  the  art  Fast  Fourier  Transform 
(FFT)  software.  Table  4  gives  some  of  the 
measured  data  and  Figure  15  gives  a  plot  of  the 
measured  receptance  as  a  function  of  frequency. 

TABLE  4 

MEASURED  DATA  FOR  SINGLE  DEGREE  OF  FREEDOM  SYSTEM 


MEASURED  RECCRTANCE 

CALCULATED  OTRAHIC  SUITRESS 

Frtq.  Hi 

|  JL)ln/tbf 

Ph*i»  nft 

*0*  Coi«/|«|R/n 

Si ni/)fl|h/m 

II 

3.6  K  *6 

33 

♦  4.21  £6 

♦  2.74  ffi 

71 

3.S  £  .6 

46 

*  3.69  E6 

♦  2.74  (6 

100 

3.3  t  -6 

62 

*  3.26  r« 

♦  4.20  £4 

126 

3.4  t  -5 

61 

♦  2.61  E6 

♦  4.51  £6 

160 

3.6  r.  -6 

73 

*  1.4)  £6 

♦  4.67  E6 

176 

3.0  £  5 

01 

-  8.52  C4 

4  4.flS  Eft 

200 

3.3  E  -6 

112 

•  2.00  Eft 

4  1.9J  !  6 

225 

2.7  [  .6 

178 

.  4.03  £6 

♦  5. 13  C6 

260 

2.1  F  .6 

143 

-  6.67  Efi 

*  5.04  C6 

274 

1.6  E  -5 

151 

•  9.6|  (6 

♦  5.3?  £6 

WO 

1  3  E  -5 

157 

•  1 . ?4  ll 

♦  5.2?  £6 

:50 

8.5  l  .6 

164 

•  MA  £7 

*  6.69  Cfi 

400 

6.1  [  .6 

171 

-  ?. fl4  n 

*  4.,:0  16 

500 

3  ?  t  -0 

177 

-  S.48  £7 

. 

600 

2.1  r  -6 

169 

♦  6.20  17 

»  1 .  f.'l  £7 

700 

1.7  f  .1 

169 

*  1  01  (A 

♦  1.97  [7 

000 

13  f  .6 

174 

-  1 . 14  E8 

>  i.«:  it 

L _  . 

It  Is  seen  that  tha  damping  Is  so  high  that  It 
would  ba  vary  difficult  to  obtain  estimates  of 
stiffness  and  loss  factor  from  a  study  of  the 
recaptanca.  Flgura  16  Illustrates  tha  plots  of 
tha  measured  values  of  tha  direct  dynamic  stif¬ 
fness  k.  and  tha  quadrature  dynamic  stiffness 
Kq  versus  frequency  squared.  Also  shown  Is  a 

plot  of  tha  derived  specimen  stiffness  k,  given 

by: 

k  *  x^  +  esu*  (23) 

It  Is  seen  that  k  Is  a  function  of  fraquancy. 
The  loss  factor  q  can  be  calculated  at  each 
frequency  since: 

q  *  Kq/k  (24) 

The  values  of  the  Young's  Modulus  E  of  the 
specimen  material  are  derived  from  k  and  tha 
specimen  dimensions: 

k  >  E  A/h  (25) 

The  specimen  was  long  enough  relative  to  Its 
thickness  dimensions  for  shape  affects  to  ba 
unimportant.  E  and  q  are  plotted  against 
frequency  In  Figure  17,  and  compared  with  data 
from  other  sources  [22,  23].  Note  that  errors 
become  excessive  above  about  300  Hz,  as  a 
result  of  excessively  large  Inertia  loads  mu1. 
This  comparative  data  Is  plotted  In  Figure  18 
as  a  function  of  raduced  frequency  and 
temperature.  The  reduced  temperature  nomogram, 
[23],  In  Figure  18, gives  us  an  easy  way  to  use 
graphical  means  of  reading  off  E  and  q  for  any 
polymeric  material  for  any  chosen  values  of 
frequency  and  temperature.  For  example,  to 
read  E  and  q  at  100  Hz  and  100“F,  we  follow 
the  100  Hz  frequency  line  from  the  left  hand 
scale  until  It  crosses  the  100°F  line  from  the 
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Flgura  15.  Single  degree  of  freedom  test: 
Graphs  of  receptance  amplitude  la  I  and  phase 
(e)  versus  frequency  (See  Table  4). 


(FIIEqUtNCY)2  (Hz)*  *  lO1 

Figure  16.  Single  degree  of  freedom  test: 
Graphs  of  direct  dynamic  stiffness  («»), 
quadrature  dynamic  stiffness  (x.)  ana  specimen 
stiffness  k  versus  frequency  squared  (See 
Table  4). 


top  scale.  The  point  of  Intersection  of  the 
horizontal  frequency  line  and  the  sloping 
temperature  line  gives  the  appropriate  value 
of  faT,  the  reduced  frequency,  and  one  than 
simply  reads  vertically  from  this  point  to  get 
E  and  q. 

4.2.  Two  Degree  of  Freedom  System 

4.2.1.  Identification  from  Receotances 

The  test  system  Is  Illustrated  In 
Figure  19,  and  was  essentially  the  same  as  the 
one  degree  of  freedom  system  except  that  the 

second  mass  m  was  now  free.  One  mass  was 
Impacted  axially,  at  before,  and  the 
acceleration  of  each  matt  was  measured  by  an 
accelerometer,  In  the  tame  manner  at  before. 
Figure  19  shows  plots  of  the  point  and  transfer 
receptances  la.Jandla  J  at  a  function  of 
frequency.  Typical  measured  values  are  summar¬ 
ized  In  Table  5.  Little  If  anything  can  be 
determined  from  the  accelerance  or  receptance 
plots,  because  of  the  very  high  damping. 

4.2.2.  Identification  From  Dynamic 
Stiffnesses 

From  the  measured  values  of  |a.,| 
and  phase  e.,  at  each  frequency,  the  dynamic 
st1ffnestes*are  calculated  from  the 
relationships: 
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Figure  17.  Graph*  of  Young's  Modulus  E  and 
lot*  factor  n  vtrtus  frtquancy  darlvad  from 
tost  data  for  slnglt  dtgraa  of  fraadom  systam 
with  high  damping  (Saa  Tabla  4). 
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Figura  10.  Comp lax  modulus  propartlas  of 
3M-IS0-110  damping  matarlal  as  a  function  of 
fraquancy  and  tamparatura  (Nomogram)  [23]. 

Klj0  =  Co*  cJtj/|a£jl  (26) 

K4jQ  “  S1n  (27) 


wqwmy  m 

Figura  19.  Two  dagrae  of  fraadom  dampad 
systam  tast:  Graphs  of  receptance  amplltudo 
lo. il  and  phase  angles  (t  .)  versus 
fraquancy  (See  Table  5). 


Figura  20.  Two  degree  of  freedom  test: 

Graphs  of  dynamic  stiffnesses  (k  ,d  and  k^,-) 
versus  frequency  squared.  (See  Table  5).  ^ 


Those  are  summarized  In  Table  5.  Figure  20 
shows  the  plots  of  k««  and  k..,  direct  and 
quadrature,  versus  frequency ‘‘squared.  The 
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k(l  ♦  In)  -  ima _ 

m*iu4  -  2n»uJk  (1  +"Tq) 


(28) 


data  Is  of  no  lamadlata  value,  since  the 
relationships  between  the  measured  data  and 
the  mass,  stiffness  and  damping  parameters  are 
not  yet  established.  If  the  systam  In  Figure 
19  Is  analyzed  to  predict  the  response  to  a 
harmonic  excitation  s*1ut  at  a  point  1,  then 
the  raceptances  are  given  by: 


k(l  ♦  In) 

“12  *  -  2  nw4  k(l  +  1q) 


(29) 


These  relationships  give  no  direct  way  of 
calculating  k,  m  and  n  from  a. ,  or  k.  and  the 
equations  must  first  be  put  1nJmodarrorm. 


This  matter  Is  discussed  In  Appendix  2,  and 
leads  to  the  following  more  useful 
relationships: 


Figure  21.  Two  dtgree  of  freedom  test: 
Graphs  of  corrected  dynamic  stiffnesses  (k 
)  versus  frequency  squared.  (See 
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L  =  l/(orn  +  l/2mui2) 

»  4k(l  +  In)  -  2mw2 

(30) 

,  »  l/(“i2  +  1/,2nlua^ 

*  *4k(l  +  In)  +  2nu>2 

(31) 

These  redefined  dynamic  stiffnesses  are 
presented  In  Table  5  and  plotted  versus 
frequency  squared  In  Figure  21.  The  slope  of 


equal 
from  the 

relationships 

4k  *  k'ud  +  2BIU*  (32) 

or  4k  ■  -  ic'12D  +  2mu® 

The  calculated  values  of  4k  are  plotted  In 
Figure  21,  and  compare  well  with  the  values  of 
k  obtained  from  the  same  system  In  a  one  degree 
of  freedom  configuration.  It  Is  seen  that,  for 
this  type  of  highly  damped  system,  only  the  dy* 
namlc  stiffness  approach  can  give  meaningful 
results  In  a  reasonably  simple  manner. 


quadrature  component  K'1in  *  -k'  .  Is 
to  4kn  and  the  stiffness  it  Is  derived 


TABLE  5 


MEASURED  DATA  FOR  TVW  DEGREE  OF  FREEDOM  SYSTEM 


MEASU 

110  DATA 

CALCULATED  QUANTITIES 

F  r«q . 

l««l 

Phllt 

•mo 

“no 

l/2iry.’ 

“EJD'“/.10+1/2mu  5 

■ 

'iJO 

'/JO 

TYf»I 

H* 

Lbf/ln 

C!J 

m/N 

m/N 

m/N 

m/N 

N/nl  *j 

'21 1 
N/m 

N/m 

N/m 

152 

1.71  E  -5 

233 

-  5. 86 

F-fl 

-7,78  E-B 

1.02  E-7 

♦  4.34 

E  -8 

. 

6.18  E6 

-  8.2  E6 

+  5.47  E6 

9.80  E6 

°n 

176 

1.50  E  -G 

236 

-  4.78 

E-8 

-7. OB  E-8 

7.63  E-B 

♦  2.85 

E  -B 

- 

6.55  E6 

-  9.71E6 

*  4.89  E6 

1.22  E7 

200 

1.53  E  -5 

237 

-  4. 75 

E-8 

-7.31  E-8 

5.91  E  48 

♦  1.16  E  -B 

- 

6.25  E6 

-  9.63E6 

♦  2.12  E6 

1.33  E7 

252 

1.42  E  -5 

227 

-  6.52 

-OJ 

■5.91  E-8 

3.72  E-8 

-  l.BO 

E  -8 

- 

8.43  E6 

-  9.04E6 

•  4.72  E6 

1.55  E7 

300 

1,10  E  -5 

218 

-  6.30 

E-B 

-4.14  E-B 

2.63  E-8 

-  2.67 

E  -8 

- 

1.17  E7 

-  9.16E6 

-  1.10  E7 

1.71  E7 

392 

3.88  E  -6 

203 

-  4.65 

E-8 

•1.98  E-8 

2.74  E-8 

-  2.74 

E  -8 

- 

1.82  E7 

-  7.73E6 

•  2.40  E7 

1.73  E7 

400 

6.64  E  -6 

197 

•  3.62 

E-B 

-1.11  E-8 

1.48  E-8 

-  2.14 

E  -8 

- 

2.53  E7 

-  7.76E6 

-  3.60  E7 

1.91  E7 

452 

4.90  E  -6 

194 

-  2,71 

E-B 

-5.75  E-9 

1.16  E-8 

-  1.55 

E  -8 

- 

3.48  E7 

-  8.67E6 

-  5.42  E7 

2  36  E7 

500 

3.98  E  -6 

192 

-  2.21 

E-B 

-4.69  E-9 

1.26  E-8 

-  1.26 

E  -8 

" 

4.34  E7 

-  9.22E6 

-  6.97  E7 

2.59  E7 

is; 

2.56  E  -5 

155 

-  1.32 

E-7 

+6 .16  E-8 

1.02  E-7 

+  3.00 

E  -8 

6.22  E6 

+  4.95E6 

•  6.39  E6 

1.31  E7 

176 

1.38  E  -5 

148 

-  9.00 

E-B 

*5.67  t-8 

7.63  E-8 

+  1.45 

E  -8 

- 

7.92  E6 

♦  4.95E6 

-  4.23  E6 

+ 

1.66  E7 

1.77  E  -5 

137 

•  7.37 

E-8 

*6.87  E-8 

5.91  E-8 

+  1.46 

i  -e 

- 

7.26  E6 

+  6.77E6 

-  2.96  E6 

+ 

1.39  E7 

152 

1.12  E  -5 

HI 

-  2.08 

E-B 

*6.03  E-8 

3.72  E-B 

♦  1.64 

E  -6 

- 

5.10  E6 

*  1.4BE7 

♦  4.20  E6 

+ 

1.34  17 

6.72  E  -6 

82 

.  5.71 

E-10  +3.79  E-8 

2.63  E-8 

+  2.69 

E  -8 

♦ 

3.64  E6 

*  2.59E7 

*  1.25  E7 

1.75  E7 

152 

4.06  E  -6 

69 

*  6.29 

E-9 

*2.16  E-8 

1.91  E-8 

♦  2.74 

t  -fl 

+ 

1.55  E7 

*  4.04E7 

*  2.25  E7 

♦ 

1.77  E7 

400 

2.38  E  -5 

64 

+  5.94 

E-9 

*1.22  E-8 

1.48  E-B 

♦  2.07 

E  -8 

+ 

3.23  E7 

+  6.63E7 

*  3.59  E7 

♦ 

0,11  E7 

452 

1.42  E  -6 

46 

+  5.62 

E-9 

*5.82  E-9 

1.16  E-8 

♦  1.72 

E  -8 

4- 

8.59  E7 

+  8.90E7 

*  5.22  E7 

+ 

1.77  E7 

500 

1.04  E  -6 

45 

*  4.19 

E-9 

♦4.19  E-9 

9.46  E-9 

♦  1.37 

E  -8 

♦ 

1.19  EB 

♦  1.19E8 

*  6.67  E7 

♦ 

L_ 

2.04  E7 

The  blade,  of  typically  modern  construc¬ 
tion,  was  supported  In  a  broach  block  at  the 

dovetail,  as  Illustrated  In  Figure  22,  and  was 
excited  by  impact  of  a  small  hammer/force-gage 
combination.  The  response  was  measured  by  a 
small  accelerometer  at  several  points  on  the 
blade.  Two  of  the  points  of  most  Interest  are 
the  tip  trailing  edge  (point  1)  and  the  plat¬ 
form,  at  point  2.  Measured  aceelerance  (« 
acceleration  /force)  plots  are  shown  In  Figure 
23  [24].  Some  of  the  test  data  Is  summarized  In 
Tables  6,7  and  B,  In  terms  of  the  numerical 
values  of  the  receptance  amplitude  |o,.|  and 
the  phases  e.,  for  several  frequencies';  as  ob¬ 
tained  by  means  of  Fast  Fourier  Transform  data 
processing.  The  accelerances  are  seen  to  have 
four  major  resonances  In  the  frequency  range  of 
interest.  The  receptances  are  plotted  versus 
frequency  In  Figure  24,  and  Figure  25  shows 
the  receptance  amplitudes  In  the  close  vicinity 
of  each  resonance. 

4.3.1.  Identification  from  Receptances 

On  the  expanded  scale  of  Figure  25,  It 
was  possible  to  estimate  n  for  each  mode, 
using  the  values  of  la.-l  ,8-J  and  |a„|  In 
conjunction  with  the  ha tf- power  bandwfoth 
method.  Table  9,  column  1,  gives  the  averaged 
data.  ■  It  Is  seen  that  the  damping  levels  are 
very  low.  The  resonant  frequencies,  estimated 
from  the  frequencies  nearest  to  the  peak 
values  of  |a£j|  are  also  summarized. 

From  equation  (17),  one  can  estimate  m  ,  given 
that  0  (Xj)  »  1.0,  which  was  established  from 
the  modal  survey,  not  reported  here.  With  w 
and  n  and  lo-. I  known,  m  Is  readily  n 
calculated  ancrtnexresu1ts  are  summarized  In 
Table  9,  column  1.  From  equation  (18),  the 
values  of  0  (xa)  can  be  estimated  from 
|a-J  not)  that  m  ,  ui  and  n„  tro  known. 

Thl  results  are  summarized  In  Table  9,  column 
1.  Finally,  from  equation  (19),  an  estimate 
of  0  (xa)  can  be  obtelned  using  la22l_,...  The 
results  are  summarized  In  Table  9/coTumn  2. 

4.3.2.  Identification  from  Dynamic 

Stiffnesses 

Table  6  gives  a  tabulation  of  the 
direct  end  quadrature  dynamic  stiffnesses. 
k11q  and  k11q,  In  accordance  with  equations 
(267  and  (2z;.  The  phase  angles  e.,  are  so 
close  to  0  or  180  degrees  most  of  the  time 
that  errors  In  calculating  k  ..  are  excessive 
and  no  estimate  of  damping  wairposslble.  The 
bandwidth  measurements,  obtained  earlier,  had 
to  be  used.  However,  the  modal  masses  and 
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NXIURE 

Figure  22.  Sketch  of  turbine  blade. 
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Figure  23.  Measured  accelerances  |a..|  versui 
frequency  for  blade.  ^ 

stiffnesses  could  be  obtained  without  using 
these  values  of  n  •  by  equation  (7),  so  this 
Is  a  conslderableadvantage.  Figures  26,  27, 
and  28  Illustrate  the  plots  of  k.1q  ,  k12D 
and  k22D  versus  frequency  squarefliTor  tfleu 
fl rst^lwo  modes.  The  resonant  frequencies 
were  determined  from  the  Intersection  of  the 
plot  of  k  ..  with  the  frequency  squared  axis, 
and  are  summarized  In  Table  9,  column  3.  From 
the  plots  of  K.,f.  versus  frequency  squared,  m 
Is  determined, iQs1ng  equation  (7),  and 
recognizing  again  that  0  (x t )  =  1.  The 


results  are  summarized  In  Table  9,  column  3. 
From  the  plots  of  k,20  versus  frequency 
squared,  with  m  determined,  the  values  of 
0  (xj)  are  obtained  using  equation  (6),  with 
0n(Xi)  *  1,  and  the  results  are  summarized  In 
Tfible  9,  column  3.  Finally,  from  the  plots  of 
k...  versus  frequency  squared,  and  equation  8, 
estimate!  of  10  (xj)iare  obtained,  and  the 
results  are  summarized  In  Tablo  9,  column  4. 

The  overall  average  values  of  the  various 
Identified  parameters  are  summarized  In  Table 
9,  column  5.  It  Is  seen  that  the  maximum 
variation  In  the  values  obtained  by  the 
various  methods  are:  0  percent  In  m1(  8,6%  In 
*3,  10, 7%  In  0i(x2)  and  6.8%  In  0a(xa). 

A  graph  of  |a,,|  Is  plotted  against  frequency 
In  Figure  29,*8n  the  basis  of  aquation  (1)  and 
the  Identified  parameters  from  Table  9,  column 
S.  In  view  of  the  fact  that  no  effort  was 
made  to  seek  a  minimum  error  Identification, 


Figure  24.  Measured  receptances  |or,,|  versus 
frequency  for  blade  (See  Table  6  to* 8). 
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Figure  25,  Measured  receptances  |a,.|  versus 
frequency  for  blade,  near  each  resonance  (See 
Table  6  to  8). 


using  statistical  techniques  or  otherwise,  or 
to  allow  for  effects  of  high  or  low  frequency 
residuals  from  modes  not  allowed  for,  the 
agreement  with  the  original  data  In  Figure  21 
Is  very  satisfactory. 
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Figure  26.  Graph  of  direct  dynamic  stiffness 
(x1in)  versus  frequency  squared  for  blade  (See 
TaDTi  6). 
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Figure  27.  Graph  of  direct  dynamic  stiffness 
(x1:,n)  versus  frequency  squared  for  blade  (See 
TaBTt  7), 
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Figure  28.  Graph  of  direct  dynamic  stiffness 
(k„„)  varsM*  frequency  squared  for  blade  (See 
TafifS  8). 
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Figure  29.  Identified  recaptances  for  blade. 
Compare  with  Figure  24. 


5.  CONCLUSIONS 

It  has  been  shown  that  for  highly  damped 
structures  or  those  having  parameters  which 
vary  strongly  with  frequency,  the  advantages  of 
using  a  dynamic  stiffness  r.ooresentat1on  are 
considerable,  allowing  the  possibility  to 
Identify  mars,  stiffness  and  damping  parameters 
quite  accurately  not  only  at  resonance  but  over 


a  wide  frequency  range.  This  Is  very  Important, 
because  It  leads  to  the  ability  to  make  accurate, 
repeatable,  measurements  of  the  damping  proper* 
ties  of  materials  by  means  of  a  simple, 
familiar,  procedure.  Furthermore,  the  modal 
Identification  process  applied  to  damped 
structures  can  form  the  basis  for  further 
calculations,  such  as  the  use  of  the  modelled 
parameters  to  predict  effects  of  structural 
modifications  or  to  generate  discrete  models  of 
the  Identified  system. 

Identification  of  the  modal  parameters  of  a 
lightly  damped  system,  having  properties  which 
vary  slowly  with  frequency,  Is  bast  accomplish¬ 
ed  In  moat  catas  by  means  of  currant  state-of* 
tha-art  Identification  techniques  based  on  mea¬ 
sured  receptance  data. 
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NOMENCLATURE 

A  Crons  sectional  area  of  specimen 

E  Young's  modulus 

G  Shear  modulus 

h  Height  of  1  DOF  specimen 

1  & 

j,£  Points  on  structure 

k  Stiffness  of  1  DOF  specimen 

k  Modal  stiffness  of  n-th  mode 

n 

m  Mass  of  1  DOF  system 

m  n-th  modal  mass 

n 

N  Number  of  modes 

S  ,$.  Exciting  forces  at  points  £, j 

*  J 
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APPENDIX  1 


Tin* 

Response  at  points  £,J 


Relationship  Between  Half-power  Bandwidth 
and  Loss  Factor 


Coordl natas  of  points  l,  j 
Receptance  of  1  OOP  system 
Direct  racaptanca  of  1  OOF  system 
quadrature  racaptanca  of  1  DOF  system 
Transfer  racaptanca  (W^/Sj) 

Point  racaptanca  (W^/ St) 

Direct  transfer  racaptanca 
Quadrature  transfer  racaptanca 
Phase  between  excitation  and  response 
Phase  between  excitation  and  response 
Loss  factor  of  1  DOF  specimen 


The  relationship  between  the  half-power 
bandwidth  measure  of  damping  (Wit)  and  the 
actual  loss  factor  n,  or  viscous  damping 
coefficient,  depends  on  the  fraction  of  the 
peak  amplitude  which  Is  being  measured  and 
whether  |ot|  or  a q  Is  being  considered. 

Normally  a  factor  of  1 /Jz~ Is  used,  which 
corresponds  to  a  3.01  db  reduction,  giving  the 
name  "3  db  bandwidth".  From  equation  (10), 
the  maximum  value  of  |a|  at  resonance  (k  « 
nu9)  Is  1/kri,  and  If  we  seek  the  values  of  u> 
for  which  lorl  Is  n | a |  «  n/kq,  (where  n  Is  a 

number)  then  equat1onn*IO)  gives: 

1/VCk  -  mu5)*  +  (to|)fc  «  n/kq  (1. 1) 


Squaring,  cross-multiplying  and  solving  for  ui, 
we  get: 


Ul, 


•9  i  n^‘  \ 


(1.2) 


Loss  factor  of  n-th  mode 
Dynamic  stiffness  of  1  OOF  system 

Direct  dynamic  stiffness  of  1  DOF 

system 


The  two  roots  11a  one  above  and  one  below  the 

resonant  frequency  uii  *  Vk7m.  The  bandwidth 
tut  Is  equal  to  wj  -  uq  so: 

(1.3) 


quadrature  dynamic  stiffness  of  1 
DOF  system 


Dynamic  stiffness 


Direct  dynamic  stiffness 
Quadrature  dynamic  stiffness 

Delta  function 


for  n  *  1/V2  and  n  «1,  this  leads  at  once  to 
equation  (13).  For  other  values  of  n,  other 
relationships  between  n  end  Wu,  can  be  found 
and  used.  This  Is  especially  useful  for  very 
low  damping:  for  example,  n»l/3  (10  db 
bandwidth)  gives: 

r|  *  0.3536  Aw/uq  (1.4) 


Dens  I ty 

n-th  modal  function  at  point,  £ 


On  the  other  hand,  if  we  examine  ou  from 

equation  (10),  and  seek  the  same  values  of  u> 

for  which  an  »  non.„.w  then: 
y  Qimax, 


Frequency 

n-th  resonant  frequency 


Au 

UU, 


-  Ji  -  n  J- 


1  (1.5) 


Mean  resonant  frequency  of  two 
closely  spaced  modes 


from  which  equation  (14)  emerges  for  n  =  1/^2. 

For  viscous  damping,  equation  (10) 
gives  the  following  expression  for  |cr|: 


TABLE  7  (Cont. ) 


TABLE  6  (Cont. ) 


3420 

3.53E-8 

0 

2.83E7 

0 

3600 

1.65E-7 

0 

6.06E6 

0 

3700 

1.43E-S 

-  31.3 

5.98E5 

-3.63E5 

3710 

2.34E-6 

-  70. 0 

1.46E5 

-4.02E5 

3720 

1.55E-6 

-124.8 

-3.68E5 

-5.30E5 

3730 

9.35E-7 

-129.3 

-6.77E5 

-8.28E5 

3740 

7.61E-7 

-138.4 

-9.83E5 

-8.72E5 

3750 

6.42E-7 

-143.1 

-I.25E6 

-9.35E5 

3800 

3.13E-7 

-146.3 

-2.66E6 

-1.77E6 

3900 

1.23E-7 

-  90.0 

0 

•8.13E6 

3950 

1.11E-7 

-  90.0 

0 

-9.01E6 

3960 

8.16E-7 

-  90.0 

0 

-1 .23E6 

3970 

1.97E-7 

-  63.5 

2.26E6 

-4.54E6 

3980 

4.06E-7 

-  63.4 

1.10E6 

•2.20E6 

3990 

1.83E-6 

-123.0 

-2.90E5 

-4.46E5 

4000 

4.39E-7 

168.7 

-2.23E6 

4.46E5 

4010 

3.21E-7 

‘166.0 

-3.02E6 

7.54E5 

4020 

2.24E-7 

180.0 

-4.46E6 

0 

4030 

2.14E-7 

180.0 

-4.67E6 

0 

4040 

1.93E-7 

100.0 

-5.18E6 

0 

4100 

1.10E-7 

153.5 

-8.14E6 

4.06E6 

4200 

6.97E-8 

161.6 

-1.36E7 

4.53E6 

4300 

4.27E-8 

161.7 

-2.22E7 

7.35E6 

TABLE  7 

aE&«mvWE$  Pf..«12(iaL£fiB-8L*B£ 


Frtq 

Hz 

100 

200 

300 

400 

500 

600 

650 

700 

750 

BOO 

810 

820 

830 

840 

850 

860 

870 

880 

890 

900 

1000 

1050 

1100 

1150 

1200 

1250 

1300 

1350 

1400 

1450 


loisl 

m/N 

2.53E-7 

6.33E-8 

3.53E-8 

1.58E-8 

1.01E-B 

1.32E-8 

2.06E-8 

3.40E-B 

5.64E-8 

1.41E-7 

1.97E-7 

3.07E-7 

6.82E-7 

2.27E-6 

4.20E-7 

2.41E-7 

1 .70E-7 

1 .32E-7 

1  .TOE-7 

9.49E-8 

4.36E-8 

3.74E-8 

3.15E-B 

3.00E-8 

2.97E-8 

3.15E-8 

3.52E-8 

4.22E-8 

2.75E-8 

8.36E-8 


*1Z  N/m  N/m 


-136.0 
-116.6 
-  98.0 
76.0 
21.8 
36.0 
37.9 

34.8 

28.8 

24.8 

21.8 
18.6 

8.7 
-133.0 
-147.4 
-150.7 
-151 .9 
-152.4 
-153.4 
-153.8 
-159.4 
-163.8 
-165.8 
-167.5 
-169.5 
-172.1 
-174.7 
-174.7 
168.6 
-176.3 


-2.79E6 

-7.07E6 

-3.94E6 

1.53E7 

9.19E7 

6.13E7 

3.83E7 

2.42E7 

1.55E7 

5.44E6 

4.71E6 

3.09E6 

1.45E6 

-3.00E5 

-2.01E6 

-3.62E6 

-5.19E6 

-6.71E6 

-8.13E6 

-9.45E6 

-2.15E7 

-2.57E7 

-3.08E7 

-3.25E7 

-3.31E7 

-3.14E7 

-2.83E7 

-2.36E7 

-3.56E7 

-1.19E7 


-2.79E6 
-1.41E7 
-2.81E7 
6.14E7 
3.6BE7 
4.45E7 
2.98E7 
1.68E7 
8.54E6 
2.97E5 
1.89E6 
1 .04E6 
2.22E5 
-3.22E5 
-1.28E6 
-2.03E6 
-2.77E6 
-3.51E6 
-4.07E6 
-4.65E6 
-8.07E6 
-7.46E6 
-7.79E6 
-7.21E6 
-6.14E6 
-4.36EC 
-2.62E6 
-2.19E6 
-7.19E6 
-7.72E5 


1460 

1.06E-7 

-177.8 

-9.43E6 

-3.62E5 

1470 

1.43E-7 

-179.9 

-6.99E6 

-1 . 22E4 

1480 

2.23E-7 

176.1 

-4.47E6 

3.05E5 

1490 

4.82E-7 

162.0 

•1.97E6 

6.41E5 

1500 

1 .076-6 

38.9 

7.27E5 

5.87E5 

1510 

2.56E-7 

16.3 

3.75E6 

1  ,10E6 

1520 

1.47E-7 

13.0 

6.63E6 

1 . 53E6 

1540 

7.65E-8 

9.0 

1 .29E7 

2.04E6 

1550 

6.10E-8 

8.5 

1.62E7 

2.42E6 

1600 

2.82E-8 

6.0 

3.53E7 

3.71 E6 

1650 

1.66E-8 

7.0 

5.98E7 

7.34E6 

1700 

1.10E-8 

7.7 

9.01E7 

1.22E7 

1800 

4.89E-9 

12.7 

1 .99E8 

4.50E7 

1900 

3.29E-9 

0 

3.04E8 

0 

2000 

1.19E-9 

26.6 

7.51E8 

3.76E8 

2200 

6.56E-10 

1B0.0 

-1.52E9 

0 

2400 

1.51E-9 

175.0 

-6.60E8 

5.77E7 

2600 

2.70E-9 

170.1 

-3.6SE8 

6.37E7 

2800 

3.74E-9 

167.6 

-2.61E8 

5.74E7 

3000 

5.73E-9 

168.6 

-1.71E8 

3.45E7 

3200 

8.83E-9 

165.6 

-1.10E8 

2.82E7 

3420 

1.52E-8 

160.1 

-6.19E7 

2.24E7 

3600 

4.46E-8 

155.1 

-2.03E7 

9.44E6 

3700 

4.31E-7 

114.5 

-9.62E5 

2.11E6 

3710 

7.92E-7 

59.5 

6.41E5 

1 .09E6 

3720 

3.72E-7 

-  1.1 

2.69E6 

-5.16E4 

3730 

2.19E-7 

-  9.7 

4.50E6 

-7.69E5 

3740 

1.55E-7 

-  16.3 

6.19E6 

-1.81E6 

3750 

1.20E-7 

-  19.1 

7.87E6 

-2.73E6 

3800 

5.53E-8 

-  21.2 

1 .69E7 

-6.54E6 

3900 

3.19E-8 

-  26.1 

2.82E7 

-1.38E7 

3960 

3.42E-8 

-  29.9 

2.53E7 

-1.46E7 

3960 

3.78E-8 

-  31 .3‘ 

2.26E7 

-1.37E7 

3970 

4.63E-8 

-  33.7 

1.84E7 

-1.22E7 

3980 

6.98E-8 

-  44.4 

1 .02E7 

-1.00E7 

3990 

2.12E-7 

-111.6 

-1.74E6 

-4. 39E6 

4000 

2.33E-8 

158.2 

-3.98E7 

♦1.59E7 

4010 

4.43E-9 

159.5 

-2.11E8 

7.91E7 

4020 

2.45E-9 

-  32.4 

3.45E8 

-2.19E8 

4030 

5.61E-9 

-  27.9 

1.58E8 

-8.34E7 

4040 

7.23E-9 

-  28.5 

1.22E8 

-6.60E7 

4100 

1.02E-B 

-  30.8 

8.42E7 

-5.02E7 

4200 

9.97E-9 

-  32.2 

8.49E7 

-5.34E7 

4300 

9.86E-9 

-  36.1 

8.19E7 

-5.98E7 

TABLE  8 


MEASURED  VALUES  OF  a.Ju)  FOR  8LA0E 


Freq 

|o22l 

Phase 

o 

K22fCos,W 

■CjjQ-SIne 

Hz 

m/N 

c22 

1*221 

T*22 

N/m 

N/m 

100 

3.97E-8 

-135.0 

-1.78E7 

-1.78E7 

200 

6.33E-9 

-  90.0 

0 

-1.58E8 

300 

6.61E-9 

-156.0 

-1.39E8 

-5.96E7 

400 

6.19E-9 

180.0 

-1.62E8 

0 

500 

3.96E-9 

180.0 

-2.53E8 

0 

600 

5.51E-9 

159.8 

-1.70E8 

6.27L7 

650 

6.10E-9 

164.9 

-1.58E8 

4.27E7 

700 

6.87E-9 

162.1 

-1.39EB 

4.47E7 

750 

8.45E-9 

157.5 

-1.09EB 

4.53E7 

108 


TABLE  8  fCont. ) 


600 

1.70E-8 

152. 5 

810 

2.05E-8 

151.4 

820 

2.80E-8 

149.1 

830 

4.88E-8 

145.8 

840 

1.73E-7 

129.1 

8S0 

7.32E-8 

-  35,4 

B60 

2.84E-8 

-  36.8 

870 

1.73E-8 

-  38.9 

880 

1.13E-8 

-  41,4 

890 

8.25E-9 

-  45.0 

900 

6.36E-9 

-  48.1 

1000 

1.98E-9 

-111.8 

10S0 

1.B0E-9 

-143.1 

1100 

2.46E-9 

-164.6 

1150 

2.40E-9 

180.0 

1200 

2.89E-9 

-169.2 

1250 

3.68E-9 

180.0 

1300 

4.45E-8 

177.0 

1350 

4.78E-8 

174.8 

1400 

3.53E-9 

137.3 

1450 

8.95E-9 

170.6 

1460 

1.08E-8 

170.1 

1470 

1.36E-8 

169.5 

1480 

1.85E-8 

167.2 

1490 

3.01E-8 

163.1 

1500 

8.01E-8 

145.1 

1610 

6.98E-8 

4.4 

1520 

2.34E-8 

-  3.3 

1540 

9.19E-9 

-  7.0 

1550 

6.51E-9 

-  8.3 

1600 

2.01E-9 

-  15.1 

1650 

5.10E-10 

-  16.0 

-5.22E7 

2.72E7 

1700 

1.37E-10 

-4.28E7 

2.34E7 

1B00 

1.22E-9 

-3.06E7 

1.83E7 

1900 

1.43E-9 

-1.69E7 

1.15E7 

2000 

1.78E-9 

-3.27E6 

4.02E6 

2200 

2.17E-9 

1.11E7 

-7.91E6 

2400 

2.71E-9 

2.B2E7 

-2.UE7 

2600 

2.69E-9 

4.S0E7 

-3.63E7 

2800 

3.28E-9 

6.64E7 

-5.85E7 

3000 

3.85E-9 

8.57E7 

-8.57E7 

3200 

4.80E-9 

1.05E8 

-1.17E8 

3420 

6.85E-9 

•■1.B8E8 

-4.69E8 

3600 

1.39E-8 

-4144E8 

-3.34E8 

3700 

5.10E-8 

•3.92E8 

-1.08E8 

3710 

6.02E-8 

-4.17E8 

0 

3720 

8.29E-8 

-3.40E8 

-6.48E7 

3730 

1.42E-7 

-2.72E8 

0 

3740 

2.57F-7 

-2.24E7 

1.18E6 

3750 

1.21E-7 

-2.08E7 

1.90E6 

3800 

2.76E-8 

-2 ,08E8 

1.92E8 

3900 

8.27E-9 

-1.10EB 

1 .82F.7 

3950 

5.89E-9 

-9.12E7 

1.59E7 

3960 

5.60E-9 

-7.33*‘7 

1.34E7 

3970 

5.47E-9 

-5.27E7 

1.20E7 

3980 

5.13E-9 

-3. 18E7 

9.66E6 

3990 

5.15E-9 

-1.02E7 

7.14E6 

4000 

5.79E-9 

1.43E7 

1.10E6 

4010 

8.69E-9 

4.27E7 

-2.46E6 

4020 

2.67E-9 

1.08E8 

1.52E8 

4.80E8 

1.88E9 

-1.3367 

-2.2267 

-1.30E8 

-5.40E8 

4030 

4040 

4100 

4200 

4300 

2.87E-9 

2.86E-9 

2.24E-9 

1.46E-9 

7.49E-10 

-135.0 

-5.16E9 

-5.16E9 

172.9 

-8.13E8 

1 .01 EO 

169.1 

-6.87E8 

1.32EB 

167.3 

-5.48E8 

1.24E8 

167.6 

-4.50E8 

9.90E7 

166.2 

-3.58E8 

8.80E7 

164.6 

-3158E8 

9.87E7 

162.1 

-3.90E8 

9.37E7 

160.2 

-2.44E8 

8.80E7 

156.2 

-1.91E8 

8.41E7 

155.4 

-1.33E8 

6.08E7 

152.4 

-6.38E7 

3.33E7 

140.4 

-1.51E7 

1.25E7 

131.4 

-1.10E7 

1.25E7 

127.5 

-7.34E6 

9.57E6 

112.0 

-2.64E6 

6.53E6 

59.7 

1.96E6 

3.36E6 

-  8.3 

8.18E6 

1.19E6 

-  20.6 

3.97E7 

1.49E7 

-  23.4 

1.11EB 

4.80E7 

-  24.3 

1.55E8 

6.99E7 

-  24.2 

1.63E6 

7.32E7 

-  24.0 

1.67E8 

7.44E7 

-  23.2 

1.79EB 

7.68E7 

-  23.2 

1.28E8 

7.65E7 

-  26.0 

1.55E8 

7.57E7 

-  96.5 

-1.30E7 

1.14E8 

-  32.1 

3.17E8 

1.99E8 

-  26.6 

3.12E8 

1.56E8 

-  26.6 

3.13E8 

1.57E8 

-  19.8 

4.20E8 

1.01EB 

-  20.7 

6.41E8 

2.42EB 

0 

1.34E9 

0 

TABLE  9 


IDENTIFIED  PARAMETERS  FOR  TURBINE  BLADE 


MFTHOO 

RECEPTANCE 

DYN.  STIFFNESS 

OVERALL 

Qmnttty 

n 

°1.1 

WM 

‘JJ 

(4V«rtgt) 

i 

0.0161 

0.0181 

• 

0.0171 

0.0221 

. 

0.0231 

- 

Kg 

2 

3 

4 

. 

* 

- 

0.0196 

0.0122 

• 

* 

* 

* 

0.0172 

1 

0,0086 

+ 

0.0086 

2 

• 

♦ 

- 

■  u  ll 

3 

. 

♦ 

- 

4 

0,0039 

• 

4- 

m 

N40 

■ 

m 

840 

1600 

KeS 

- 

1500 

Hi 

H 

3719 

mm 

- 

3719 

H 

3999 

m 

* 

3999 

♦„(xs) 

II 

♦0,092 

n 

♦0.074 

♦0.091 

0.088 

H 

-0 . 100 

■HE 

-0,103 

-0.106 

-0,104 

H 

-0.300 

Infra 

* 

* 

•0.330 

H 

‘0,0385 

EH 

★ 

• 

♦0.039 

*  Not  dtt«™tned 
+  Not  n»«5urjb)o 
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AN  APPLICATION  OF  THE  KINETIC  ENERGY  CALCULATION 
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In  recent  years,  the  ability  to  economically  and  efficiently  solve 
large  order  finite  element  dynamic  problems  has  become  a  reality. 

However,  the  task  of  modal  identification  has  proportionately 
increased.  By  applying  the  kinetic  energy  calculation  to  the  modal 
data,  candidates  for  structural  as  well  as  local  modes  and  possible 
modeling  errors  can  be  quickly  isolated. 

This  technique  was  applied  during  the  analysis  of  the  Hughes 
Advanced  Attack  Helicopter  (AAH).  The  results  show  the  obvious 
advantages  offered  by  this  method. 


INTRODUCTION 

Recent  additions  to  most  finite  element 
dynamic  programs  have  made  the  solution  of 
large  models  a  reality.  These  additions  are  In 
the  form  of  fast  eigenvalue  extraction  techniques 
which  employ  a  variation  at  subspace  iteration. 
The  analyst  is  thereby  freed  from  the  task  at 
applying  reduction  methods  which  generally 
require  expertise  and  unavoidably  introduce 
errors  and  sacrifice  fidelity. 

The  modal  Information  obtained  from  the 
solution  of  these  large  problems  provides  the 
analyst  with  more  detailed  Information  about 
structures  than  ever  before  possible.  However, 
this  greater  detail  usually  results  in  the  solution 
of  problems  having  high  modal  densities;  i.  e. , 
many  modes  within  a  given  frequency  range. 
Plotting  routines  which  are  available  allow 
thorough  examination  of  the  modes,  but  they  are 
both  time  consuming  and  costly  to  use.  Identify¬ 
ing  modes  from  these  high  modal  density  prob¬ 
lems  has  become  a  formidable  task. 


By  applying  the  kinetic  energy  calculation 
to  the  modal  data,  this  task  has  been  greatly 
reduced.  Structural  and  local  modes,  as  well  as 
potential  model  errors  are  quickly  Isolated,  thus 
enabling  more  efficient  use  of  the  plotter  and  the 
analyst's  time. 

TECHNICAL  APPROACH 

The  use  of  the  kinetic  energy  calculation, 
based  on  modal  data,  In  a  practical  application 
is  not  new  but,  up  to  now,  has  received  little 
attention  throughout  the  Industry. 

The  modal  kinetic  energy  expression  Is 
quite  simple  and  Is  based  on  a  variation  of  cer¬ 
tain  orthogonal  princioles  as  shown  in 
Equations  1  and  2. 

WT  Cm]  [*] 

NM  x  DOF  DOF  x  DOF  DOF  x  NM 

■  flj  =  Generalized  Mass  (1) 

NM  x  NM 


'J(TOTAL) 


1.0 


(5) 


of  [K]  [♦] 

M  x  DOF  DOF  x  DOF  DOF  x  NM 

“  (a)2J  -  Generalized  Stiffness  (2) 

NM  X  NM 

where 


KE 


DOF 

■  £  KEu  ' 

t«l 


This  Important  unity  relationship  is  made 
possible  due  to  the  unique  properties  of  the 
orthonormalieed  modal  matrix. 


[*]  Is  a  matrix  of  orthonormallzed 
modes 

[M]  is  the  mass  matrix 

[K]  is  the  stiffness  matrix 

f  ij  is  an  identity  matrix 

Cw2J  is  the  squared  natural  frequencies 

DOF  »  degrees-of-freedom 

NM  *  number  of  modes 

A  variation  of  Equation  1  forms  the  modal 
kinetic  energy  (KE)  egression  as  shown  in 
Equation  3. 

M  *  Dm]  W 

DOF  x  NM  E  DOF  X  DOF  DOr  X  NM 


»  [KE] 

DOF  x  NM 


(3) 


E 

where  *  is  a  special  element  by  element 
E  multiply. 


Equations  1  and  2  result  in  square  matrices  In 
generalized,  or  modal  coordinates  (NM  x  NM), 
Equation  3  results  In  a  rectangular  matrix  of 
discrete  model  coordinates  by  modes  (DOF  x 
NM),  where  detailed  information  Is  retained  In 
terms  of  physical  degrees-of -freedom  for  each 
mode. 


Each  element  of  a  column  of  Equation  3  Is 
equal  to 

DOF 

KEu  '  *U  Z  Vkj 

k-1 

or  the  porcent  of  the  total  kinetic  energy  of  the 
Jth  mode  as  a  decimal,  and  the  total  kinetic 
energy  of  each  column  Is  equal  to  1.0,  1.  e. : 


APPLICATION 

This  approach  was  applied  during  the 
dynamic  analysts  of  the  Hughes  Advanced  Attack 
Helicopter  (AAH)  shown  in  Fig.  1.  The  dynamic 
model  used  for  the  analysis  Is  shown  In  Fig.  2. 
The  relatively  large  model  contained  43B7  struc¬ 
tural  elements,  1632  grid  points  and  9762 
degroes-of-freedom.  In  this  analysis,  the 
analytical  modes  were  to  be  compared  with  the 
results  of  the  AV06  modal  test. 

The  AV06  test  configuration  was  an  earlier 
flight  test  vehicle  on  which  a  modal  test  was 
performed.  Correlation  with  these  test  data 
was  done  to  verify  the  analytical  model. 

The  analysis  was  performed  using  the 
M SC /NAS  TRAN  Ref.  [l]  computer  program. 

M SC /NAS  TRAN  is  a  large  scale  general  pur¬ 
pose  digital  computer  program  which  solves  n 
wide  variety  of  engineering  problems  by  the 
finite  element  method.  The  program  is  used 
worldwide  in  virtually  every  type  of  industry. 

In  addition,  NASTRAN  has  a  unique  capability 
that  allows  the  user  to  "get  inside"  the  fixed 
programs  and  alter  them.  This  is  called 
altering  with  "direct  matrix  abstraction  pro¬ 
gramming"  or  DMAP.  Using  this  DMAP  capa¬ 
bility,  the  kinetic  energy  program  was  added  to 
Hughes  Helicopters'  version  of  NASTRAN. 

A  thorough  explanation  of  the  DMAP  pro¬ 
gram  Is  contained  tn  Ref.  [2].  This  capability 
can  also  be  added  to  any  analysis  job  stream 
with  a  FORTRAN  post -processing  program. 


During  the  analysis,  modes  and  frequencies 
were  calculated  to  25  Hz.  A  frequency  sum¬ 
mary  table  of  the  results  Is  shown  In  Table  1. 
This  tablo  Is  part  of  the  normal  output  from  a 
NASTRAN  modal  run.  The  first  column  is  the 
mode  number,  the  second  column  the  extraction 
order,  the  third  the  eigenvalue(ur),  the  fourth 
is  the  frequency  in  radians,  the  fifth  is  the  fre¬ 
quency  in  hertz  (Hz),  and  the  last  two  columns 
are  generalized  mass  and  stiffness,  respectively. 
As  shown,  87  modes  were  calculated  below 
25  Hz.  Each  mode  contains  approximately 
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10, 000  values,  so  the  job  of  identifying  all  of  the 
modes  is  a  formidable  task  without  an  aid  such 
as  modal  kinetic  energy. 

Having  calculated  the  modal  data,  Equa¬ 
tion  3  was  solved  for  the  kinetic  energy  matrix. 
This  matrix  was  then  filtered  such  that  only 
those  values  greater  than  3  percent  of  the  largest 
value  in  each  column  were  retained.  This  greatly 
reduces  the  nan-aero  numbers  that  are  printed 
out.  The  procedure  can  best  be  demonstrated 
through  a  simple  example  of  the  3  degree -at - 
freedom  problem  shown  in  Fig.  3.  The  kinetic 
energy  matrix  for  this  example  is  shown  in 
Equation  6.  Each  column  or  mode  in  Equation  6 
is  normalized  to  the  largest  value  of  unity  as 
shown  in  Equation  7.  In  Equation  7,  only  those 
values  equal  to  or  greater  than  1  percent  of  the 
largest  value  in  each  column  are  retained, 
resulting  in  the  spares  matrix  shown  in  Equa¬ 
tion  8  which  has  been  r  back  to  the  original 
values.  The  important  feature  is  that  we  have 
reduced  out  the  very  email  umbers  and  can  now 
concentrate  on  the  larger  contributors. 

A  typical  kinetic  energy  output  for  the 
first  39  modes  from  the  analysis  is  shown  in 
Fig.  4.  fit  this  case,  a  filter  was  set  at  3  per¬ 
cent  of  the  largest  value.  In  reading  the  output, 
column  numbers  identify  the  mode  number;  the 
point  identifies  ths  grid  point  number  within  the 
model  and  its  direction,  where  Tl,  T2,  T3 
refer  to  translations  in  X,  Y,  Z,  and  Rl,  R2, 

R3  refer  to  rotations  about  the  X,  Y,  and  Z 
axes;  and  finally  the  value  corresponds  to  ths 
kinetic  energy  contributor  of  that  point  as  a 
decimal. 

A  quick  look  at  the  matrix  is  all  that  is 
necessary  to  pick  out  candidates  for  local  as 
well  as  structural  modes.  A  potential  struc¬ 
tural  mode  is  Identified  by  a  column  containing 
many  numbers,  since  a  great  deal  of  ths  struc¬ 
ture  is  moving  and  the  energy  is  distributed 
throughout  the  structure.  Conversely,  a  local 
mode  is  identified  by  very  few  numbers,  since 
only  a  localized  part  of  the  structure  is  moving. 

The  first  six  columns  in  Fig,  4  are  rigid 
body  modes,  and  as  one  would  expect,  they  have 
many  values  as  the  entire  structure  moves  in  a 
prescribed  direction.  Other  examples  can 
quickly  be  picked  out,  such  as  columns  13,  17, 

31,  26,  33,  36,  37,  38,  and  possibly  28  and  31, 
just  to  name  a  few.  In  the  same  manner,  local 
modes  can  be  quickly  isolated,  such  as  columns 
7  through  12,  22,  and  23.  Two  modes  stand  out 
in  particular;  i.  e. ,  modes  22  and  23,  where  99 
and  96  percent  of  the  energy  is  contained  at  one 
grid  point.  These  modes  turned  out  to  be 


modeling  errors,  where  the  grid  point  was  not 
properly  restrained  in  rotation. 

As  one  might  expect,  the  amount  of  output 
Is  a  function  of  the  filter  selected.  Several 
filters  were  used  on  the  87  modes.  Figs.  5 
through  7  show  partial  outputs  using  filters  of 
1,  5  and  10  percent  for  modes  33  through  35 
respectively.  It  Is  highly  recommended  that 
any  post-processing  program  allow  the  user  to 
choose  the  filter  value. 

An  additional  aid  was  a  maximum  values 
matrix.  This  output  contains  the  maximum 
value  of  each  column  (mode)  taken  from  the 
kinetic  energy  matrix.  This  output  which  is 
shown  in  Fla.  8  provided  quick-look  data  and 
each  column  represents  a  mode  and  each  value, 
again,  describes  ths  grid  point,  its  direction 
(as  in  the  kinetic  energy  matrix)  and  the  value 
1s  the  maximum  modal  kinetic  energy  as  a 
decimal. 

A  quick  scan  of  these  data  can  help  to  sepa¬ 
rate  the  modes.  Low  values  indicate  large 
structural  motion  and  large  values  local  motion. 
One  can  become  quite  proficient  with  the  maxi¬ 
mum  values  matrix  such  that  most  of  the  candi¬ 
dates  can  be  isolated  from  this  matrix.  Finally, 
Table  2  shows  a  list  of  the  fundamental  struc¬ 
tural  modes  that  were  correlated  with  the 
results  of  the  AV06  modal  test,  along  with  their 
percent  deviation,  and  Table  3  shows  a  complete 
list  of  ths  structural  modes  identified  In  the 
analysis. 

In  reviewing  Table  3,  It  should  be  noted  that 
particular  attention  had  to  be  paid  to  the  mode 
shape  as  w«ll  as  frequency.  Terms  such  as 
first  and  second  lateral  bending,  although  ade¬ 
quate  for  simple  beam  type  models,  are  far  too 
general.  The  analyst  must  look  at  local  cou¬ 
pling,  including  phase  between  wings,  stabllator, 
rnd  tail  in  order  to  describe  a  mode.  A  good 
example  of  this  was  the  second  vertical  bending 
mode  at  18.  97  He.  Ibere  were  several  candi¬ 
date  modes,  but  alter  comparing  the  mode 
shapes  with  the  test  data,  the  18. 97  Hz  mode 
was  selected. 

The  next  few  figures  show  selected  plots  of 
some  of  the  modea  that  were  Identified  using  this 
method.  All  plots  were  produced  using  McAuto'.s 
FASTDRAW  Ref.  [3]  Inter-active  graphics  post¬ 
processing  program.  FASTDRAW  was  chosen 
because  it  Allowed  quick  rotation  of  the  deflected 
shape  in  Cartesian  space.  Also,  it  should  be 
noted  that  the  dotall  In  these  plots  are  made 
possible  by  being  able  to  solve  the  large  eigen¬ 
value  problem.  Fig.  9  shows  a  section  view 
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looking  aft  of  the  first  torsional  mode  at 
4.  08  Hz.  Fig.  10  shows  the  first  symmetric 
wing  bending  mode  at  4. 70  Hz  (note  the  con¬ 
figuration)  where  only  the  Inboard  pylons  were 
loaded.  Fig,  11  shows  the  first  wing  anti¬ 
symmetric  bending  mode  at  5.4  Hz.  In  this 
case,  note  the  inboard  pylons  are  In  phase. 
Next,  Fig.  12  shows  the  first  vertical  bending 
mode  at  5. 55  Hz.  Figs.  IS  and  14  show  the 
first  anti-symmetric  and  symmetric  wing/pylon 
torsional  modes  respectively  at  7. 59  and 
7.  91  He.  These  modes  are  due  to  the  forward 
and  aft  motion  of  the  Inboard  pylons,  and  as 
you  would  expect,  the  tail  has  much  lateral 
motion  in  the  anti -symmetric  mode  and  very 
little  in  the  symmetric  mode.  The  next  figure 
(15),  shows  the  first  lateral  bending  mode  at 
8. 85  Hz.  And  finally,  Fig.  16  shows  the 
second  vertical  bending  mode  at  18. 97  He. 


SUMMARY 

The  ability  to  solve  large  dynamic  problems 
has  enabled  the  analyst  to  gain  more  detailed 
information  about  a  structure  than  ever  before. 


But  with  this  greater  detail  comes  problems 
associated  with  high  modal  density.  This  has 
resulted  In  a  much  larger  task  of  modal 
identification. 

By  applying  the  kinetic  energy  calculation 
to  the  modal  data,  candidates  for  structural  as 
well  as  local  modes  can  be  quickly  isolated. 

This  results  in  a  tremendous  savings  in  time  and 
cost  at  the  plotter.  The  cost  of  performing  the 
kinetic  energy  calculation  is  negligible  when 
compared  to  the  cost  of  plotting  each  mode. 
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Fig.  1  •  Hughes  Advanced  Attack  Helicopter 
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Fig.  2  -  AAH  dynamic 
Nastran  model 
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Fig.  3  -  Sample  3  degree- 
of -freedom  problem 
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Fig.  4  -  AAH  kinetic  energy  distribution  for  3  percent  filter  (sheet  1  of  3) 
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Pig.  4  -  AAH  kinetic  energy  distribution  for  3  percent  filter  (sheet  2  of  3) 
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Fig.  4  -  AAH  kinetic  energy  distribution  for  3  percent  filter  (sheet  3  of  3) 
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Fig.  7  -  AAH  kinetic  energy  distribution  for  10  percent  filter 
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Fig.  8  -  AAH  kinetic  energy  maximum  values 


Fig.  8  -  First  torsion  mode 
(4.  08  Hz) 


Fig.  10  -  First  symmetric  wing 
bending  mode  (4.  70  Hz) 


Fig.  11  -  First  wing  antisymmetric 
mode  (5.40  Hz) 


Fig.  14  -  First  symmetric  wlng/pylon 
torsion  mode  (7. 91  Hz) 


TABLE  2 

Frequency  Correlation  Between  Test  Data  and 
Dynamic  Nastran  Analysis 


Frequency  (Ha)  j 

Description 

Test 

Nastran 

Percent 

Difference 

Lat/Torsion 

4.59 

4.06 

11.1 

First  Lateral  Bending 

9.  37 

8. 85 

5.54 

First  Vertical  Bending 

5.78 

5.55 

3. 64 

Second  Vertical  Bending 

19.39 

18.  97 

2.17 

Second  Lateral/Toraion 

20.8 

21.2 

2.91 

TABLE  3 

Mod*  Identification  Showing  Comparison  with  Test  Data 


Nastran 
Mode  No. 

! - 

Nastran 

t'Yequuf  / 

Description 

Test  Mode,  Frequency 

13 

4.08 

Lat/Torsion 

Lat/Tor  4. 59 

14 

4.70 

Sym  Wing  Bend 

17 

5.17 

Vert  +  Eng 

20 

5.40 

Antl/Sym  Wing  Bend 

21 

5.55 

1st  Vert 

Vert  5.76 

20 

6.83 

Wing/Tor 

28 

7.59 

Anti/Sym  Wing/Pylon  Tor 

30 

7.81 

Sym  Wing  Tor 

31 

7.91 

Sym  Wlng/Pylon  Tor 

33 

8.85 

1st  Lat  Bend 

1st  Lat  Bend  9. 37 

35 

9. 30 

Vert  +  Tail 

47 

12.2 

Stab  Yaw 

49 

12.5 

Stab  Yaw 

53 

13.5 

Wing  Rigid  Body 

57 

14.2 

Wing  Tor  Roll 

59 

14.3 

Wing  Tor  Roll 

60 

14.5 

Wing  Sym 

83 

15.7 

Stab  Roll 

84 

15.8 

Stab/Wing  Roll 

88 

16.4 

Stab  Yaw 

89 

17.3 

Tail/Stab  Mode 

74 

18.7 

Verticat 

75 

18.97 

2nd  Vert 

2nd  Vert  19. 38 

78 

20.2 

Lat/Tor  Wing/Stab 

81 

21.2 

2nd  Lat/Tor 

2nd  Lat/Tor  20. 6 

85 

22.3 

Vert  +  Stab 

86 

22.7 

Tail /Stab 

DYNAMICS  OF  A  SIMPLE  SYSTEM  SUBJECTED  TO 
RANDOM  IMPACT 


T.T.  Soon; 

Department  of  Civil  Engineering 
State  Unlveralty  of  New  York  at  Buffalo 
Amherst  Campus,  Buffalo,  New  York  14260 


This  paper  Is  concerned  with  the  Impact  characteristics  of  a  single 
mechanical  system  subjected  to  random  collision  or  Impact.  The 
model  analyzed  Is  a  simple  one-degree-of-freedom  mechanical  system 
oscillating  between  two  elastic  reflectors  when  the  supporting 
frame  Is  subjected  to  a  bate  motion  modeled  by  a  stationary  random 
process.  Quantities  of  Interest  are  the  statistical  properties  of 
the  maximum  force  of  Impact  whan  Impact  occurs  and  of  the  time  to 
Impact.  Results  are  presented  In  a  form  so  that  they  can  be  readily 
applied  to  the  design  of  the  restraining  system  for  the  oscillator 
as  well  as  the  reflectors. 


INTRODUCTION 

The  study  of  dynamic  behavior  and  Impact 
characteristics  of  mechanical  systems 
subjected  to  collision  or  Impact  Is  of 
Importance  In  several  engineering  areas.  In 
transportation  and  packaging,  for  example, 
systems  belna  transported  are  subjected  to 
frequent  collisions  with  packaging  material 
and  with  other  contents.  The  dynamics  of 
contents  In  structures  under  disturbances  such 
as  shocks  or  earthquakes  also  follows  similar 
dynamic  environment.  Furthermore,  many 
vibration  Isolation  and  damping  devices,  such 
as  tuned  mass  dampers,  operate  with  snubbers 
which  produce  collision  forces. 

In  order  to  assess  the  Integrity  and  sur¬ 
vivability  of  systems  In  this  kind  of  a 
dynamic  environment,  It  Is  of  practical 
Importance  to  estimate  the  likelihood  of 
Impact  occurrence  and,  when  Impact  does  occur, 
the  maximum  force  of  Impact.  The  knowledge  of 
these  quantities  can  then  lead  to  a  safe 
system  design  for  Integrity  and  survivability. 

In  this  paper,  Impact  results  are  obtained 
For  a  simple  mechanical  system  In  one- 
dironslonal  motion  between  two  elastic 
ref1ec*ors.  As  shown  In  Fig.  1,  the  frame 
which  supports  the  system  and  the  reflectors 
1r.  assumed  to  be  subjected  to  a  stationary 
random  excitation.  Due  to  random  nature  of 
the  base  motion,  probabilistic  Impact 
characteristics  are  of  Interest. 


Fig.  1.  A  Simple  Mechanical  System 


EQUATIONS  OF  MOTION 

Consider  the  case  In  which  the  oscillator, 
m.  ,  Is  executing  stationary  random  motion  due 
1  to  base  excitation.  Ue  are  primarily 
Interested  In  the  maximum  force  of  restitution 
when  Impact  occurs  between  m.  and  one  of  the 
reflectors.  The  dynamic  *  process  for 
the  purpose  of  this  analysis  can  be  divided 
Into  distinct  phases  as  shown  In  Fig.  2  under 
a  set  of  simplifying  assumptions.  As  a  first 
step,  pertinent  results  are  presented  for  each 
of  these  two  dynamic  phases. 

Before  Impact.  Assuming  that  the  rigid¬ 
ity  of  the  ref lecTors  Is  much  greater  than 
that  of  the  oscillator  so  that  their  contri¬ 
bution  to  the  Impact  velocity  can  be  neglected, 
the  system  dynamics  before  Impact  can  be 
modeled  as  that  shown  In  Fig.  2(a)  and  the 
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governing  equation  of  motion  Is  simply  that  of 
the  oscillator  given  by 

rn^ft)  +  CjXU)  +  kjXft)  •  -mjY(t) 

(1) 

where  Y(t)  Is  a  zero-mean  Gaussian  stationary 
random  process  with  spectral  density  function 
S(w)  . 


(a)  Before  Impact 


Fig.  2.  Dynamic  Process  Approximations 


Let 


“o  '  Vml 

2V  «  Cj/fflj 

Equation  (1)  becomes 

X(t)  ♦  2u.0cX(t)  +  wgX(t)  -  -Y(t) 


(2) 


(3) 


where  u  Is  the  undamped  natural  frequency  of 
m,  and  0  c  the  damping  coefficient.  The  case 
1  where  c  <  l  Is  of  most  practical  Interest. 

The  solution  of  Eq.  (1)  Is  well  known  Cl, 
2].  In  particular,  for  a  lightly-damped 
oscillator  (c  <  <  1)  and  a  smooth  S(w)  with 
no  tharp  peaks,  the  response  characteristics  of 
the  oscillator  can  be  approximated  by  solving 
Eq.  (1)  with  V ( t )  modeled  by  a  white  noise 
with  zero  mean  and  correlation  function 

E { Y { t  +  t)Y(t))  -  ZDi(t)  (4) 


with 

D  ■  «S(u0)/2  (5) 

In  this  case,  the  stationary  probgblllty 
density  functions  of  X(t)  and  X(t)  take  the 
Gaussian  form  and  the  random  variables  X  and 
X  are  Independent.  Hence,  the  (stationary) 
joint  density  function  of  X  and  X  Is 


fx$(x,x) 


--  exp 


x* 

* 


(6) 


where 


(7) 


During  Impact.  Figure  2(b)  shows  the 
dynamic- process  during  impact  by  assuming  that 
the  force  of  restitution  becomes  dominant 
during  impact  so  that  all  other  forces  acting 
on  the  oscillator  and  the  reflector  can  be 
neglected.  The  equations  of  motion  are  thus 


m^ft)  ■  -g(t) 
m2X2(t)  «  g(t) 


Xx  -  X2  >  d  (8) 


where  the  force  of  Impact  g(t)  takes  the 
form 


g(t)  ■  [1  +  -  X2)]  h(Xj  -  X2  +  d) 

(9) 

In  the  above,  d  Is  the  distance  between  the 
centers  of  mass  of  m  and  m.  at  Impact  and 
the  term  a(X,  -  X2)  1  denotes'1  energy 
consumption  due  toMmpact  where  a  Isa 
constant  characterizing  material  properties  of 
the  Impacting  bodies!  and  function 
h(X,  -  X2  +  d)  represents  the  force  due  to 
static  L  deformation.  Using  Hertz's  theory 
[3],  It  can  be  expressed  by 

h(x)  ■  hx3/Z  ,  »,0  (10) 

where  B  Isa  function  of  the  contact  surfaces 
and  there  material  properties. 

Equations  (8)  can  be  Integrated  In  the 
phase  space  and  various  Impact  characteristics 
can  be  obtained  [4-6X 

MAXIMUM  FORCE  OF  RESTITUTION 

Let  U  ■  a(X.  -  x?)  and  let  V  •  U  at 
Impact.  From  Eqs .  (8  -  10)  It  can  be  shown 
that  the  force  of  restitution 
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F  -  (1  +  U)  8  (Xj  -  X2  +  d)3/2  (11) 


takes  the  Form  [43 


c  ,  m  ,  2  ,8/5  ,5,3/5  ,8,2/6  -6/5 
F  "  ml(T+r)  (T5  (m^  a 

X(1  +  U)[V  -  U  +  ln($f)]3/S 


r  ■  nyirig  (13) 

The  maximum  force  of  restitution  F  or 
maximum  Impact  acceleration  A  Is  m 
found  by  differentiating  F  ""In  Eq.  (12) 
with  respect  to  U  and  setting  It  to  zero. 
The  result  Is 

VH,376  <>♦"„>  04) 

where 

b  ■  (^)!/5  a-6/5  OS) 

and  U_  Is  the  value  of  U  at  F  “  F_  and 
It  m  satisfies  m 


V  +  In 


Now,  since  V  Is  governed  by  the 
equation  of  motion  before  Impact  and  Is  a 
random  variable,  A_  Is  also  a  random  variable 
and  Its  m  distribution  Is  of 

Interest  for  design  purposes. 

Let  f w( v )  be  the  probability  density 
function  of  V  conditional  upon  the 

onset  of  Impact.  Uslng  the  Joint'  probability 
distribution  of  X  and  X  as  given  In  Eq. 
(6),  It  can  be  shown  that  V  has  a  Rayleiqh 
distribution  with  density  function  [5] 


fv(v)  -  -V  exp  - 


The  probability  distribution  of  A  can 
now  be  found  through  standard  transfor¬ 
mation  of  random  variables  [7],  We  have 


V"'#  V’*1' 


X  exp  ■  j-r 


Equation  (19)  together  with  Eqs.  (14)  and 
(16)  determines  the  probability  density 
function  of  A_  .  With  b  »  2000q  ,  Fig.  3 
gives  f,  (a)  m  for  various  values  of  ov  . 


a(g) 

Fig.  3.  Probability  Density  Function  of  A^ 


Since  the  probability  distribution  of  Am 
Is  a  function  of  the  parameters  associated 
with  material  properties  of  the  oscillator  and 
the  reflectors  (a, 8)  ,  the  restraining  system 
of  the  oscillator  (w  ,q)  ,  and  the  base 
motion  (d)  ,  the  knowledge  of  f.  (a) 

offers  a  means  of  determining  the  m 

appropriate  values  of  these  parameters  when 
conditions  of  survivability  are  specified. 
Consider,  for  example,  the  problem  of  choosing 
the  design  value  of  c.  ,  the  damping  constant 
when  all  other  1  parameters  are  fixed 

and  suppose  the  survivability  condition  1$ 


P(Am  >  400g)  <  0.2 


a.,1  »  aJo&2  « 


(18) 


Fig.  4  shows  that 


While  no  exact  solution  exists  for  L  and 
x  In  the  case  of  a  linear  oscillator0 
described  by  Eq.  (1),  approximate  solutions 
have  been  suggested.  For  our  purposes,  an 
approximate  solution  given  In  [8]  based  upon 
empirical  observations  appears  to  give  most 
satisfactory  results.  Using  this  procedure. 
L(t,y)  can  be  calculated  from  Eq.  (24)  with 
x  and  Lq  approximated  by 


£  ■  1  -  1.075  [k  exp(-k/2)]w  (25) 

L0  -  exp  Cexp(> 1.195  *  0.3105  kJ)3  (26) 

In  the  above,  v  Is  the  mean  rate  of  upcrosslngs 
at  level  y  and  Is  given  by 


v 


o4 

—  exp 
°X 


(27) 


<  0.317  (21) 


k  •  Y/ox 
and 


(28) 


or 


w  ■  0.2364  +  28.14  q* 


(29) 


Cj  »  9.95  aa0mj 


(22) 


where  q  Is  a  measure  of  the  bandwidth  of 
X(t)  and  Is  given  by 


TIME  TO  IMPACT 

The  likelihood  of  impact  occurrence  within 
a  time  Interval  Is  determined  by  the  probability 
that  the  random  displacement  X(t)  defined  In 
Eq.  (1)  will  exceed  a  given  level  for  the  first 
tfme  during  the  time  Interval.  This  first 
passage  problem  has  been  considered  extensively 
and  many  approximate  solutions  have  been 
offered.  For  the  system  considered  In  this 
paper,  a  procedure  It  given  below  which  gives 
results  In  close  agreement  with  simulation, 

Consider  the  linear  oscillator  shown  In 
Fig.  2(a)  with  y  being  the  Initial  oscillator- 
reflector  gap.  Let  X(t)  start  at  aero  with 
probability  one  and  let 

L(t.y)  •  P(|X(t)|  <  y  i  0  t  x  t  t) 


(23) 

be  the  probability  that  |X(t)|  remains  below 
level  y  In  the  Interval  CO.tJ  .  Then  L(t,y) 
Is  the  probability  of  Interest  for  a  given  t 
since  It  Is  the  probability  that  the  time  to 
Impact  Is  greater  than  t  . 

In  the  case  of  X(t)  being  stationary  and 
for  sufficiently  large  t  ,  we  can  write  r 21 

L(t.y)  ■  Lq  exp(-Xt)  (24) 

where  lQ  and  x  depend  on  y  but  not  on  t. 


q2  ■ 


12 


With  the  aid  of  Eqs.  (25-30),  Eq.  (24) 
gives  the  first-passage  probability  of  Interest 
as  a  function  of  the  physical  parameters.  The 
graphs  of  L(t,y)  for  t  ■  0.1  and  for 
several  values  of  k  •  y Aj„  are  shown  In  Fig. 
5.  Again,  graphs  such  as  shown  In  Fig.  5 
are  useful  for  design  purposes  under  specified 
survivability  conditions.  For  example,  with 
all  other  physical  parameters  fixed,  the 
necessary  gap  y  to  be  maintained  can  be 
readily  determined  when  the  minimum  first- 
passage  probability  l(t,y)  Is  specified  at  a 
given  time  t  .  Suppose  thot  the  survivability 
condition  is 

L(^  ,  y)  »  0.8  (31) 

Mo 


Fig.  6  shows  that  y  must  satisfy 
y  >  2.79  o  ^ 


(32) 
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CONCLUDING  REMARKS 

This  papar  prauntt  a  method  of  determl- 
Ung  the  Impact  characteristics  of  a  simple 
machanlcal  ayitam  subjected  to  random 
axcltatlona,  Tha  probability  diatrlbutloni 
of  tha  maximum  forca  of  Impact  and  of  time  to 
impact  are  given,  which  can  be  used  ai  rational 
dealgn  tool  a  for  ayatam  Integrity  and 
aurvivabl  1 1 ty . 

It  la  noted  that  f.  (a)  In  Eq.  (19), 
being  a  conditional  %  denilty  function, 
la  not  a  function  of  k.  ,  the  spring  constant 
of  the  oscillator,  and1  i  ,  the  Initial 
oscillator-reflector  gap.  These  parameters,  of 
course,  appear  In  the  tlme-to-lmpact  calcula¬ 
te  combined  result  of  those  given  by 

")•  (}9)  for  the  maximum  Impact  force  and  Eq. 
(24)  for  time  to  Impact  thus  provides  a 
rational  dealgn  procedure  for  the  simple 
system  considered  here  under  various  survivabi¬ 
lity  conditions. 
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APPROXIMATE  NUMERICAL  PREDICTIONS  OP  IMPACT-INDUCED 
STRUCTURAL  RESPONSES 


Richard  V.  Wu 

Lockheed  Miaailea  and  8paca  Co.,  Inc. 
Sunnyvale,  California  94086 


In  tha  raaponaa  prediction  of  a  atructural  dynamic  ayatam  impacting 
againat  a  rigid  object  or  with  other  flexural  atructural  ayatema,  tha 
immadiata  conaequenea  of  tha  local  impact  interaction  it  often 
approximated  by  one  of  two  meant i  the  colliaion  force  method  or  the 
oolliaion-impartad  velocity  method.  In  the  praaant  paper,  the  two 
aethoda  are  derived  and  evaluated.  Tha  llmitationa  and  advantagea  of 
tha  two  aethoda  art  aaaaaaad  via  aavaral  numerical  example*.  Alto 
ccnaidared  in  tha  darivation  it  tha  eliding  behavior  where  the  uaual 
concept  of  friction  it  uacd.  Baaed  on  tha  pretent  evaluation,  the 
collieion-impartad  velocity  method  it  more  veraatila  and  lata  aue- 
ceptibla  to  numer!  a I  aiffioulty  than  tha  colliaion  foroa  method  for 
the  high  velocity  impact  and  for  atructurea  with  high  local 
indentation  rigidity.  The  colliaion  force  method  may  be  uaad  vary 
efficiently  for  the  caaa  of  low  velocity  impact  and/or  low  indentation 
rigidity. 


1.  Introduction 


The  raaponaa  of  atructural  ayatam 
aubjaetad  to  impact  environment  ia  often  of 
important  concern  in  the  deeign  of  varloue 
typea  of  atructural  component  and  equipment, 
and  alao  in  the  craah-worthinaaa  atudiaa  of 
automobile  and  nuclear  power  plant  containment 
building.  Tha  phenomena  encountered  in  the 
general  impact  condition  can  be  very  complex, 
for  example,  rebound  and  aubaequent  repeated- 
impact  interaction  may  oocur  after  the  initial 
impaot.  Alao,  in  tha  vioinlty  of  impact 
region,  aevara  Impaot  and  aharp  contact  edge 
may  lead  to  cratering,  gouging,  penetration, 
and  even  perforation.  In  addition,  tha 
atructure  aa  a  whole  will  raapond  in  the 
manner  of  membrane  and/or  bending 
deformation.  Recauae  of  tha  multiple  and 
complex  aapecta  involved  in  the  general 
atructural  impact  problem,  principal  interact 
in  the  nreaent  inveetigation  cantera  upon  the 
impact  Induced  global  (overall)  atructural 
raaponaa.  Tha  local  deformation  will  not  be 
treated  explicitly:  only  tha  main  conaaquanca 
of  the  local  deformation  on  tha  global 
atructural  raaponaa  ia  accounted  for.  The 
praaant  paper  la  to  evaluate  two  nethoda  that 
have  been  daviaad  for  predicting  the  immediate 
conaequence  of  the  local  impact  interaction: 
the  oollleion  force  method  (Refa.  1,  2,  3]  and 
the  colliaion  imparted  velocity  method  [4-7]. 


In  the  colliaion  force  method,  tha  primary 
Information  predicted  conaiata  of  tha  impact 
induced  Interaction  force  baaad  on  a 
preapecified  local  indantation  rigidity 
relation  (or  gap/contact  apring  atlffnaaa  for 
raveraible  alaatin  local  deformation).  No 
explicit  inertia  (mate)  effect  ia  Incorporated 
in  thia  forca  prediction,  Thia  method  ia 
generally  efficient  and  aaay  to  apply. 

However,  the  main  difficulty  ia  the 
apecif ication  of  a  aultable  local  indantation 
rigidity.  Too  email  a  rigidity  would  lead  to 
axceaaiva  indentation  or  penetration.  Too 
large  a  rigidity  would  introduce  numerical 
difficultiea  in  tha  aolution  procedure  of  tha 
global  reeponae. 

In  the  collieion-impartad  velocity  method, 
energy  and  momentum  conaideratlona  are 
employed  to  predict  the  impact-induced 
velocity  at  the  impact-affected  region.  Tha 
inertia  effect  ia  Included  in  the  prediction. 
The  atreaa  wave  which  propagatea  into  the 
Interior  region  of  the  atructure  ia  gennrated 
by  thia  velocity  diaturbance  at  the  impact 
region.  The  impact  force  ia  not  determined 
directly  but  it  can  be  deduced  from  tha  global 
dynamic  equilibrium  equation  of  tha  atructure. 

Having  determined  the  forca  or  velocity 
applied  at  the  impact-affected  region,  thia 
information  ia  eupplied  to  tha  dynamic 
aquation  of  equilibrium  of  tha  atructure  which 


sun  than  bt  aolvad  to  obtain  tha  global 
tranaiant  raaponaa.  Because  of  tha  limitad 
applicability  of  tha  convantlonal  (closed- 
fora)  aolution  scheme  and  alao  tha  complex 
■tructural  geometry  and  iapact  situation 
ganarally  encountered,  ona  it  uaually  foread 
to  employ  a  numerical  approximate  aolution 
aahaaa,  aueh  aa  tha  finita-alaoant  oathod  and 
tha  finite-difference  oathod.  Typically,  in 
tha  nuaarical  aolution  procedure,  tha  apatial 
domain  of  tha  atructura  ia  firat  diacratiaad 
into  a  finita  nuabar  of  ragiona  or  aaahaa; 
aach  having  a  finita  nuabar  of  nodaa  aa 
oontrol  pointa.  Tha  raaulting  finita  aiaa 
ayatan  of  aaoond-urdar  ordinary  diffarantial 
aquationa  of  notion  ara  aolvad  timewiaa  by 
uaing  an  cppropriata  intagration  oparator. 
tn  utiliaing  thia  procedure,  tha  aolution  ia 
obiainad  stap-by-atep  in  finita  tiaa 
increment,  and  tha  whole  inpact  procaaa  ia 
aodalad  aa  a  aaquanca  of  increnantal  lapacta 
which  occur  in  tha  aaall  tiaawiaa  increaanta, 
Alao,  at  aaoh  tiaa  atap,  an  inapaction  naada 
to  ba  performed  in  order  to  detect  tha 
poaaibla  occurrence  and  location  of  impact , 
rebound,  and  aubaaquant  repaatad-iapact 
interaction. 

In  tha  following,  tha  abova-aantionad  two 
approxiaata  collieion  analyaia  aathoda  ara 
daacribed  in  detail.  Tha  governing  aquation 
of  notion  of  tha  atructura  uaing  tha  finite- 
element  nodal ing  technique  and  tha  tiaawiaa 
aolution  procedure  are  alao  praaantad 
briefly,  Nuaarical  axaaplaa  ara  carried  out 
for  two  caaaa  involving  (a)  longitudinal 
collinaer  impact  of  two  roda,  and 
(b)  tranavaraa  iapaot  of  a  rigid  aaaa  on  a 
baaa.  Tha  main  faaturaa  of  aach  of  tha  two 
colliaion  procadurea  ara  clearly  aanifaatad  in 
tha  axaapla  probleme. 


combination  with  the  local  indentation 
rigidity  to  determine  tha  inpact  interaction 
force  magnitude  and  diatributioni 

F„  -  KN4a  (1) 


where  Fg  ia  the  impact  force  in  tha 
direction  normal  to  tha  contact  aurfaca 
(denoted  by  aubacript  N),  i  rapraaanta  the 
local  indentation  at  tha  canter  of  impact, 
a  ia  a  eonatant  depending  upon  tha  geometry 
and  material  properties;  for  axaapla  ,  or  -  1 
for  raven  bla  alaatie  local  indentation, 
and  a  ■  3/2  for  Hartalan  type  of  contact 
deformation  [8).  Kg  ia  tha  local 
indentation  stiffness.  Figure  1  givaa  the 
aaaociatad  qualitative  behavior  of  thia 
approach. 
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Fig.  1  Schamatir.e  of  Colliaion  Forca  Method 


2.  Approxiaata  Col llclon-Intotactlon 
Analyaia' 


2,1  Colliaion  Forca  Method 

tn  thia  method,  tha  crucial  quantity  which 
naada  to  ba  determined  firat  ia  tha  colliaion- 
induoad  interaction  force.  Thia  forca  ia 
tranealtted  to  tha  atructura  at  tha  impact 
location  to  affect  a  aubaaquant  displacement, 
velocity,  and  acceleration  raaponaaa  of  tha 
atructura.  Although  many  papara  utiliaing 
thia  method  have  baan  written  on  atructural 
impact  raaponaa,  there  ia  acarclty  of 
intonation  available  on  impact  torca-tiaa 
hiatorlaa  for  general  and  complex  atructural 
eyateme.  Ona  of  tha  eimpleet  approachaa  for 
thia  forca  pradictlon  ia  to  aaauaa  a  local 
indentation  (or  panatration)  rigidity  relation 
(forca  va.  local  indentation), 

8pac ideally,  at  any  tlma  during  tha  iapact 
procaaa,  tha  atructura  ia  allowed  to  indent 
locally  or  to  penetrate  inf initaaimally  at  tha 
iapact  region,  Thia  indentation  ia  uaad  in 


It  ia  evident  that  auccaaa  in  thia 
prediction  hingaa  critically  on  tha 
•pacification  of  a  proper  local  indentation 
atiffnaaa.  Specifying  too  aaall  a  rigidity 
would  reault  in  axcaaaiva  indentation  (or 
penetration).  Too  large  a  value  would 
introduce  numerical  etability  difficulty  in 
tha  aolution  procedure  of  tha  atructural 
raaponaa,  aince  the  critical  time  increment 
required  to  anaura  numerical  computational 
etability  dacraaeaa  aa  tha  indentation 
rigidity  incraaaea.  Generally,  tha  local 
indentation  rigidity  will  depend  upon  the 
geometry  and  material  propertiae  of  the 
colliding  bodice  aa  wall  aa  tha  meah  aiaa  of 
the  diacretiaad  atructure  ayataa,  and  the 
integration  time  atap  aiaa.  Certain 
guidelines  on  tha  specification  of  thia  local 
indentation  atiffnaaa  are  provided  in  Ref.  2, 
in  which  it  ia  proposed  that  from  low  velocity 
to  intermediate  high  velocity  impacts  a 
atiffnaaa  of  tha  order  of  tha  intermeah 
(aambraiia/bending)  rigidity  would  be  tha  moat 
proper  value  to  choose.  For  vary  high 
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velocity  impact,  an  artificially  high  impact 
rigidity  may  ba  employed  to  enaure  that  the 
impenetrability  condition  ia  not  violated, 
for  oaaea  lacking  guideline  and/or  having 
complicated  geometrical  and  material  behavior, 
one  may  have  to  report  to  experiment* 
(numerical  and/or  model  teat)  to  aetablich 
thie  local  cruah  rigidity  relation. 

The  eliding  behavior  along  the  tangential 
direction  of  the  contact  aurface  (denoted  by 
aubecript  T)  can  be  accounted  for  uaing  the 
uaual  concept  of  friction.  The  friction  force 
ia  aeaumed  to  ba  eppoaad  to  the  relative 
aliding  movement.  Defining  a  coefficient  of 
friction,  li ,  the  friction  force  haa  a  value  of 
Mw  aa  long  at  there  ia  auffieient  relative 
aliding  diaplacement.  Whan  the  aliding 
diaplacament  la  email,  the  friction  force  ia 
controlled  by  a  local  etiffneae,  Kyi  thua, 


equal  but  anti-parallel  impulaea  to  the  other 
etructure  (aubecript  2),  the  impulae-Romentum 
lav  may  be  written  ee  (eee  Figure  2  for  the 
achematica)! 


hL.ff 


t  +1 


'I  +2 

-f 


1-1 


+  VjT 

PT  1  rN 


L  „  -  EFFECTIVE  LENGTH 


eff 


OF  IMPACT 


fT  -  if  Kj  (d-do)  >MF„  (2) 


Fig.  2  Schematica  of  Coll lalon- Imparted 
Velocity  Method 


and 


rT  -  K,  (d-d0)  if  K,  (d-d0)  <  MFN  (3) 


where  d0  ia  the  relative  poaition  of  the 
contact  pointa  whan  the  laet  aliding  took 
place,  and  d  ie  current  relative  diaplacament. 

Knowing  the  impact-induoad  foreea,  PN 
and  Ft,  thaae  foroaa  are  inaerted  to  the 
equation  of  equilibrium  at  the  impact 
location,  giving  rlee  to  a  modified  etructural 
diaplacement,  velocity,  and  acceleration, 


2.2  Colllelon-tnduced  Velooity  Method 

In  thie  method,  energy  and  momentum 
conearvation  relation!  are  employed  in  an 
approximate  manner  to  compute  the  collieion- 
induced  changea  in  velocltlet  of  the 
impact-affected  etructural  region.  The  baaic 
aaaumption  invoked  in  thie  approach  it  that 
the  collieion  proceaa  ie  inetanteneoua  and 
involvee  only  the  impact-affected  tone  of  the 
etructure.  The  impact-affected  eona  ia 
defined  aa  the  fraction  of  the  etructure 
region  that  reeponde  to  impact  inetantanaouely 
with  momentum  changea.  The  alee  of  thie 
impact-affected  aone  normally  can  be  aatimatad 
from  the  tpeed  of  a  longitudinal  wave  or  from 
aemi-ampiricel  data  in  conjunction  with  the 
time  integration  atep  eiae  ( 9 1 .  Aaaumlng  that 
the  inatantanaoua  collieion  proceaa  reaulta  in 
a  normal-direction  impulaa,  PN  and  a 
tangential-direction  impulee,  Pj  applied  to 
one  etructure  (denoted  by  aubecript  1),  and  in 


Normal-Direction  Impulae-Momantum  Lew 
(U'x  -«!>•-  PN 

(A) 

Mg  (U'g  “  Ug)  * 

Tangential-Direction  Impulaa-Homantum  Law 

My  (V'y  -  Vy)  •  -PT 

(5) 

Mg  (V'g  -  Vg)  ■  PT 

where  for  the  convenience  of  diacuaaion  the 
meet  of  etructure  la  treated  ae  having  point 
maaaae  lumped  at  each  nodal  atation.  U  and  V 
are  the  normal-direction  and  tangential- 
direction  velocitiea  before  impact.  U'  and  V1 
are  the  velocitiea  after  impact.  The  relative 
velocity  of  approach  A  and  the  relative 
velocity  of  aliding,  S  at  the  contact  location 
are  defined  by 


A'  •  A  -  PN  (My  +  Mg ) /My  Mg  ^  ^ 

8'  •  8  -  PT  (My  +  Mg)/M y  Mg 


where  in  Equation  6  by  definition  A  >  0; 
otherwiae,  the  two  etructuree  will  not  collide 
with  each  other.  Alao,  if  S  >  0  the 
etructuree  elide  initially  on  each  other. 

Note  that  aliding  ia  aaeumed  to  occur  at  the 
value  of  'limiting  friction'  which  require! 
that  Py  •  ft Pyq.  When  Pt  <  IiPn.  only 
roiling  (l.e.,  no  aliding)  exiata.  There  ere 
aix  equation*  (Equation!  4-6)  which  can  be 
eolved  for  the  poet-impact  quentitiea  U. *  , 

Ho',  Vj' ,  Vg  ' ,  aa  wall  aa  Pyq  and  Py.; 
these  ere  aix  unknowns. 
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Thus,  this  approximate  procadura  providaa 
the  post-impact  velocity  information  for  cha 
irapact-affaetad  nodaa  of  tha  structure.  They 
ara  than  introduced  to  tha  aquation  of  motion, 
loading  to  a  modifiad  poaition  and 
acealaration.  In  addition,  tha  contact  forcaa 
ia  alao  daducad  (ij. 

2,3  Equation  of  Motion  and  Solution 
Procadura 

Tha  govarning  aquation  of  motion  of  tha 
finita  alamant  (or  finita-diffaranca) 
diacratiaad  atructural  ayatam  may  ba  writtan 
in  tha  following  form! 


[M]  {tj>  ♦  IK)  {q}  •  {F}  (7) 


whara  q,  q  rapraaant  tha  global  ganaraliiad 
diaplacamant  and  acealaration,  raapactivaly, 

H  and  K  ara  tha  atructural  maaa  and  atiffnaaa 
matricaa,  raapactivaly.  ?  rapraaanta  tha 
ganaraliiad  applied  force  including  impact 
forca  acting  on  tha  atructura.  Tha  timeviaa 
aolution  of  Equation  7  may  be  accomplished  by 
employing  an  appropriate  timeviae  integration 
oparator,  where  tha  computational  procadura  ie 
carried  out  in  null  time  increment.  For 
example,  if  the  3-polnt  central-difference 
oparator  ia  choaan,  tha  ij  and  q  at  any  inatant 
of  time  tj  may  ba  axpraeaad  as 

<ij  ■  <qj+l  “  2  qj  +  qj-i)/(  At)2  (8) 

and 

qj  ■  (qj*i  -  qj_i)/(2At)  (9) 

where  At  la  tha  time  increment.  Employing 
Equations  8  and  9  and  assuming  that  all 
quantities  ara  known  at  time  t j ,  Equation  7 
can  ba  solved  for  qj*i«  Housvsr,  a 
collision  may  occur  between  time  instants  t< 
and  tj+ii  this  would  require  a  correction  to 
tha  predicted  quantity  at  tj+i. 

Based  on  the  predicted  (tentative)  region 
of  space  occupied  by  each  structure,  an 
inspection  is  performed  to  determine  whether  a 
collision  has  occurred  during  tha  small 
increment  in  tlma  from  tha  last  instant  at 
which  the  body  locations  wars  known  to  the 
present  instant  in  time  at  which  the  body 
location  data  ara  sought.  If  a  collision  has 
not  occurrsd,  ona  follows  tha  motion  of  each 
atructura  for  another  At,  etc,  However,  if  a 
collision  has  occurred,  ona  procaado  to 
calculate  tha  location  of  contact,  tha  depth 
of  penetration,  and  the  duration  of  contact 
(within  a  small  increment,  At,  in  time). 
Having  obtained  these  quantities,  the 
appropriate  collision-interaction  procadura 
using  either  the  collision  force  method  or  the 
collision-imparted  valocity  method  can  then  be 


carried  out.  For  a  detailed  diacuaslon  of  the 
aolution  procedures  aa  well  at  various 
considarationa  and  simplifying  assumptions, 
ona  may  consult  References  2,  4,  6,  and  7. 

3.  Numerical  Examples  and  Discussion 

At  an  illustration  of  tha  application  of 
tha  two  procedures  for  treating  tha  impact- 
intarfaca  condition  at  ditcuttad  in  tha 
previous  taction,  numerical  examples  have  baan 
carried  out  for  two  classical  cases  involving 
(a)  longitudinal  collinaar  impact  of  two  rods 
and  (b)  transverse  impact  of  a  rigid  maaa  on  a 
beam.  Comparisons  ara  made  between  tha 
solutions  obtained  by  tha  two  predicting 
procedures.  For  tha  longitudinal  rod  impact 
cats,  closed-form  analytical  solution  ia  alao 
available  for  compariaon. 

3 . 1  Longitudinal  Collinaar  Impact  of 
Two  Hods 


This  problem  consists  of  two  identical 
elastic  rods  colliding  with  each  other  along 
thair  axial  direction.  Tha  rods  are  salacted 
to  ba  (in  using  consiatant  units)!  length  L  * 
10,  cross-saccional  eras  *M,  density 
P  ■  0.01,  and  Young's  modulus  E  ■  100. 
Initially,  one  rod  travels  at  a  valocity  of 
0,1,  and  tha  other  rod  is  at  rest.  This  it 
tha  tame  problem  at  studied  in  Raf.  8,  where 
the  collision-induced  valocity  method  la 
employed.  For  this  problam,  the  fundamental 
impact  procats  and  the  thaoratical  aolution 
ara  wall-known  iRaf.  8],  In  the  finite- 
a lament  modeling,  30  uniform  meehse  ara  used 
to  model  each  of  the  two  rods.  First,  the 
collision-induced  force  method  is  used  for  tha 
analysis. 

Shown  in  Fig.  3  is  tha  affect  of  local 
indentation  rigidity,  K^,  on  the  predicted 
transient  responses.  Results  were  presented 
for  three  values  of  Kyi  3,  $0,  and  300.  It 
can  ba  seen  that  as  value  of  Kjj  gats  larger, 
the  solution  approaches  tha  exact  solution. 
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VELOCITY 


(b)  Valoclty  Tima  Hlatorlaa  of  Contact  Point* 


(c)  Contact  Force  Tims  History 


Fig.  3  Effacta  of  Local  Contact  Stiffness 
on  tha  Response  Prediction  of  Two 
Impacting  Identical  Rode 


However,  it  exhibits  spike  overshoots  sc  esch 
of  the  wave  fronts,  ensued  by  damped 
oscillations  and  spurious  release  waves.  Note 
that  Kh  ■  500  corresponds  to  the  intar-mash 
stiffness  of  tha  rod  element  encompassing  the 


impacting  node.  Solutions  have  also  boen 
carried  out  by  using  even  higher  values  of 
Tha  responses  obtained  are  close  to 
that  of  Kfj  ■  500,  but  with  larger  overshoots, 
more  oscillations,  and  decreasingly  smaller 
time  increments  required  for  computationally 
stable  solution. 


Compared  in  Fig.  4  are  the  predictions 
obtained  by  tha  collision  force  method,  the 
collision  velocity  method,  and  the  exact 
solution.  The  force  method  prediction  using 
»  500,  and  At  ■  0.001  is  selected  for 
comparison,  since  it  representa  the  beat 
solution  of  all  casts  that  are  evaluated.  In 
tha  velocity  method,  a  At  *  0.002  it  chosen, 
which  is  equal  to  tha  time  it  takas  the 
longitudinal  wave  to  travel  between  two 
adjacent  nodes  of  the  rod.  Notice  that  the 
velocity  method  prediction  agrees  very  well 
with  the  exact  solution,  whereat  the  force 
method  prediction  oscillates  about  the  exact 
solution. 
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(b)  Velocity  Time  Histories  of  Contact  Points 
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Fig.  4  Comparison  of  the  Raaponsa  Predictions 
of  Two  Impacting  Identical  Rods  by 
Using  the  Force  Method  Varsua  the 
Velocity  Method 


Also  studied  is  the  problem  of  two 
Impacting  dissimilar  rods  as  discussed  in 
Ref.  6.  This  is  the  same  problem  as  described 
previously,  except  the!-  the  elastic  moduli  are 
taken  to  be  S;  ■  49,  and  Ej  “  100  for  rods 
1  and  2  respectively.  Shown  in  Fig.  3  are  the 
approximate  predictions  and  the  exact  solution. 
Again,  the  main  characteristics  of  the 
collision  force  method  and  the  collision 
velocity  method  art  demonstrated. 


Fig.  5  Comparison  of  the  Response  Predictions 
of  Two  Impacting  Dissimilar  Rods  by 
Using  the  Force  Method  Versus  the 
Velocity  Method 


3,2  Transverse  Impact  of  a  Rigid  Maas 
on  a  Beam 


Thit  example  consists  of  tha  cantral 
transverse  impact  of  a  ataal  aphara  having 
radiua  0.39  in.,  on  a  simply  supported  baam 
with  dimensions:  0.39  in.  width,  0.39  in. 
thicknoaa,  and  0.04  in.  apan.  Tha  aphara  haa 
an  initial  velocity  of  0.39  in./aac.  In  tha 
praaant  analyaia,  tha  aphara  ia  traatad  aa 
being  rigid,  and  tha  baam  la  modalad  by  10 
uniform  baam  alamanta.  Uaing  tha  eolliaion 
forca  mathoda,  affaota  of  local  contact 
atiffnaaa,  Kg ,  on  tha  diaplacamant  raaponaa 
ara  illuatratad  in  Pig.  6,  whara  valuaa  of 
Kg  ranging  from  1  x  10*  lb. /in.  to  1  x 
loll  lb, /in.  warn  avaluatad.  It  ia  aaan 
that  axeaaaiva  ralativa  approach  (or 
panatration)  ia  pradictad  for  low  value  of 
Kg.  Aa  Ku  geta  larger,  tha  relative 
approach  dacraaaaa,  and  high  frequency  moda 
appaara  in  tha  baam  raaponaaa.  No  appraciabla 
difference  in  raaponaa  ia  obaarved  for  Kg  £ 

10?  lb. /in.  Alao  praaantad  in  Pig.  6  ia  tha 
prediction  obtained  by  uaing  tha  Hard  law  of 
contact  -  a  quasi-static  approximation  [8]. 


(a)  Baam  Midapan  Diaplacamant  Tima  Hlatoriaa 


(b)  Sphere  Diaplacamant  Tina  Hlatoriaa 


Comparison  of  pradictiona  uaing  tha  ! 

eolliaion  forca  method  varaua  that  uaing  the 
eolliaion  velocity  method  la  made  in  Pig.  7. 

Por  tha  collision  force  method,  prediction 

with  Ku  ■  1  x  10“  lb. /in.  ia  aalactad  for 

comparison.  It  ia  aaan  that,  aa  far  aa  tha 

first  impact  ia  concarnad,  tha  baam  raaponaaa 

pradictad  by  both  mathoda  ara  vary  dost.  ! 

Howavar,  opposite  diractiona  ara  pradictad  for  [ 

tha  sphere  movement.  Before  any  definitive 

conclusion  can  be  drawn  at  to  which  of  tha  two  , 

prediction  schemes  ia  superior  for  thia  type  j 

of  problem,  further  study  and  evaluation  f 

against  other  pertinent  thaoratical/  [ 

axparimantal  result  ara  required,  these  remain 

to  be  accomplished .  • 


Fig.  7  Comparison  of  Pradictiona  for  tha 
Tranavaraa  Impact  of  Sphere  Maas 
on  a  Beam  by  Using  the  Forca 
Method  Varaua  the  Velocity  Method 


Fig.  6  Effects  of  local  Contact  Stiffnesa 
on  tha  Raaponaa  Prediction  for  the 
Tranavaraa  Impact  of  Sphere  Mnes 
on  a  Beam 
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4.  Summary  Remark 

Based  on  the  present  evaluation  of  the  two 
techniques  commonly  used  to  treat  tha 
impact-intaraction  (intarfaca)  of  Impacting 
structural,  namaly,  tha  collision  forca  method 
and  tha  collision-induced  velocity  method,  tha 
following  remarks  are  in  order i 

1.  For  structure  with  high  local 
indentation  rigidity,  the  structural 
raaponse  obtained  hy  the  collision 
fores  method  has  baan  observed  to  be 
vary  closa  to  that  predicted  by  tha 
velocity  method.  However,  tha 
velocity  method  is  more  efficient  in 
terms  of  computation  time  than  the 
force  method.  This  is  because  much 
larger  solution  time  increment  can  be 
used  by  the  velocity  method  to  obtain 
a  computationally  stable  solution, 

2.  Por  high  velocity  impact  where  inertia 
effect  can  no  longer  ba  ignored,  the 
collision  velocity  method  based  on  the 
momentum  consideration  ia  more 
suitable  because  it  accounts  for  the 
mass  of  tha  local  impact  region 
explicitly,  If  the  collision  force 
method  is  used  for  high  velocity 
impact,  a  high  local  Indentation 
rigidity  value,  and  hence  small  At, 
hat  to  be  used  in  order  to  ensure  that 
local  indentation  (or  penetration) 
would  not  be  excessive. 

3.  For  the  case  low  velocity  impact 
and/or  low  local  indentation  rigidity, 
the  forca  method  can  ba  efficiently 
used. 

It  perhaps  should  be  noted  that  although 
prediction''  of  structural  impact  response 
obtained  by  both  mechoda  appear  to  be  adequate 
and  plausible,  there  is  no  theoretical  basis 
to  assure  the  convergence  of  either 
calculations.  Also,  another  important  factor 
affecting  the  accuracy  of  the  prediction  is 
tha  description  of  the  dynamic  material 
behavior  (conatitutive  relation),  since  under 
rapid  loading  and  impact,  the  material 
behavior  differs  significantly  from  that  under 
slow  or  static  load  application  (8,  10).  This 
factor  has  not  been  addressed  explicitly  in 
this  paper.  Finally,  realising  the  Inherent 
nonlinear  nature  and  difficulty  of  structural 
impact  problem,  considerable  research  efforts, 
both  theoretical  and  experimental,  are  still 
needed  in  order  to  lead  to  better  understanding 
of  tha  impact  mechanisma  and  higher  degree  of 
confidence  in  the  prediction  than  that  we 
currently  have. 
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OH  TRS  TA01-SH1AB  TIB  Bill  OHS  ® 
OCHIOtTBID  CRYSTAL  PLAXBS 


aiSiDHiB  oa 

National  Raaearoh  Inetitute 
P.O,.Backitolt  Bankuxa* 

V*  Bengal  (India) 


The  faot-thear  vibration  oharaottriatloa 
of  aonoolinio  oryatal  p latte  of  varying 
thiokntaa  art  ganaraliaed  and  tht  tptoial 
ftatnraa  of  tho  frequency  tpeotma  art 
ehovn.  Solution  for  a  oryatal  plata  with 
pitot-viat  oontmnOHi  boundary  la  obtaintd. 
The  re wit e  art  ooapartd  with  thoet 
obtaintd  for  a  plate  of  uniform  thiokntaa. 


xmoDKmoi 

Iht  vibrationa  of  aonoolinio 
oryatal  plataa  havt  bttn  atudltd  by 
Nlndlin  ifb,d,fth^<.7»  Nlndlin  A  Lee 
/’•.7*Mthdlin  k  Sptnoar  £kJ,  Hhul  k 
Nlndlin  £ o,p_7  and  by  Dt  £mj,  Tht 
vibrationa  of  quarta  plataa  havt  beta 
further  analyaed  by  Nlndlin  £*£l  by 
expansion  in  texita  of  Hkattin  funo- 
tionj  Oowdrty  at  al,/"a^7  aolvtd  the 
problem  by  the  uat  of  finite  element 
method. The  faot-ahtar  and  thiokntat- 
twiat  vibrationa  of  a  aonoolinio 
oryatal  plate  havt  beta  analyaed  by 
Dtrtaitwioa  k  Nlndlin  /V_7.Iha  modem 
of  notion  of  tuoh  plate*  (fret-free 
flexure*  low-frtqutnoy  (faot)  ahtar, 


high-fraqutnoy  (thiokntaa)  ahtar)  havt 
baan  oonaiderad  by  Sykes  £ t_7.  The 
vibrationa  of  oontoured  oryatal  plataa 
hava  bttn  oonafdtred  among  other*  by 
Nlndlin  k  Forray  £ J_7.  Jtrrard  £\J , 
Bltuatein  £ q_7»  loutaenheiaar  £rjf 
and  Dt  £nj,  Thiokntaa-shear  vibra¬ 
tion  aodta  of  a  beveled  AT- out  quarto 
plate  havt  bttn  analyaed  from  an 
equivalent  three-dimensional  equation 
of  notion  £ y_7. 

Nlndlin  k  Foriay  £jJ7,  Jtriard 
£lj  atudy  the  vibration  oharaoterla- 
tloa  vhloh  deal  with  the  ooupltd  t  hi  ole- 
neaa-ahear  and  flexural  vibration*  in 
which  there  it  a  nonatro  oomponent  of 
diaplaoemant  in  the  direotion  along 

for  Ooamunioation  i 


Addraaa 


S*  Dt*  15*  Hatanpalli,?, O.Santiniketan 
Ditt.lirbhna,W.  Bengal  (  India  ) 
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manufacturing  toleranoe  on  the  apeo- 
trun  has  been  ooneidered. 


vhloh  the  thloknesa  varies, Blenstein 

/“ q _ 7  Investigates  th#  thloknesa  - 

tvist  and  faoa-ahaar  nodes  of  aotloa 
in  vhloh  tha  dlsplaoenents  ar«  all 
perpendicular  to  tha  dlrsotlon  alone 
vhloh  tho  thlokntaa  varies.  Mi  ndlin 
fij,  Klndlln  and  Oasis  have 

point ad  ont  that  thaaa  ara  nodaa  of 
teohnologioal  intaraat  ainoa  they  oan 
ba  strongly  exftlted  plaaoalaotnoally 
la  a  quarts  plats. 

Tha  aquations  of  tha  approxlaats 
thaory  for  tha  thiokness-tvist  vib ra¬ 
tions  ara  given  In  1  aora 

gansral  approxlaats  thaory,  ho vara r, 
haa  baan  developed  /" o^vhl  oh  takas 
Into  aooount  tha  ooupling  of  flexural, 
axtanaional  and  faoa-ahaar  damna¬ 
tions  vi th  aaoh  othsr  and  with  tha 
lovaat  thtoknsss  ordara  of  thlokness- 
ahaar  and  thloknaaa-tviat  daforaa- 
tioaa.  Tha  aquations  and  tha  notations 
of  tha  aora  gansral  thaory  hava  baan 
used  bar*.  Tha  aquations  ara  apeola- 
llsad  to  tha  oaas  of  an  infinlta 
atrip  vhloh  has  a  Unaar  tapar  In  tha 
dirsotion  psrpsndloular  to  its  lnfi- 
nlta  diaansion.  Tha  strip  la  oonsid- 
arad  simply  aa  a  plats.  In  tha  pre- 
sant  pap ar,  tha  modification  of  tha 
fraquanoy  speotma  of  faoa-ahaar 
vibrations  of  tapsrsd  oryatal  plataa 
hava  baan  ganaralisad  and  tha  sans 
problsa  for  a  plats  vith  plaoa-vlsa 
continuous  boundary  has  baan  solved. 
Tha  results  are  oonpared  with  those 
obtained  for  a  plats  of  oonatant 
thloknesa.  Tha  possible  influanoa  of 


QOT1MMO  lqniTICHS 

'Aa  aquations  of  notion  of  5- 
diaanalonal  alastioity  fh.  ^  ■  f 
and  tha  constitutive  aquations  t-  •  ■ 

cij*i  £mi  (  *13  "  Vi  **kl  1 

l,J»k,l  ■  1,2,  or  3)  oan  ba  written  in 
tha  oasa  of  a  2-diaanalonal  plats  of 
area  a  and  thloknesa  2h  to  give  tha 
folloving  i 

P.™  -  2it  U'01 

*,(•>  „  J?  sCt?  ^ 

Hj  -  a*  %k<  . 

t-j  represent  tha  atraasaa  and  8^  tha 
strains |  tha  01jkl  ara  tamed  the 
elastic  stiffnesses,  «ijKl  tha  alaatlo 
coaplianoe#  and  f  is  tha  density  of 
tha  notarial  of  tha  plate. 


It  oan  further  ba  shown  from 
tharnodynaalo  arguments  that 

etjiu  T  *Mij  >  a  ‘ndj  , 

and  these  raolprooal  relations  reduoe 
tha  nunbar  of  independent  stiffnesses 
to  21  in  tha  most  general  oasa. 


Only  those  tarns  vhloh  ara  rele¬ 
vant  to  tho  problem  ara  retained.  Aa 
stress-strain  relations  of  a  rotated- 
Y-out  quarts  plate*  referred  to  a 
rectangular  Cartesian  coordinate  aysten, 
*1*  z2*  XJ  vith  x^  a  diagonal  axis  and 
*2  ■  o  tha  Biddle  plana  of  tha  plate 
exhibits  mond3,olinio  synnetry(Kason, 
raf.  u).  An  abbreviated  notation  is 
anployad  whereby  a  pair  of  indices  vhloh 
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rang*  over  th*  integer*  1,2,5  1* 
r*plao*d  by  a  aingl*  index  ranging 
over  th*  integer*  1,2*3, 4, 5*.6  aooord- 
ta«  to  th*  *oh*n*  given  b*low  t 


Raplao*  i J- 

11 

22 

33 

23 

31 

12 

or 

or 

or 

32 

13 

21 

by  p  ■ 

1 

2 

3 

4 

3 

6 

using  thi*  notation  th*  governing 
aquation*  (Nlndlin,  r*f. o)  for  th* 
fr**  vibration*  of  a  plat*  of  thi ok- 

n*a*  2  h  ar*  i 


8tr*«*  aquation*  of  notion 

.(•>  .  >(•)  „ 


*i.i ♦ 
,(•> 


3 ,3  "  2h  ^  W|  » 

(•> 


-  si-  «•> 


» 


-,w  ^  *.<•)  ..  - ;; » 

^3,1  +  ~3,3  “  2h  *  3 


(o) 


where  th*  dot  d*not*a  partial  differ- 
•ntiation  with  r**p*ot  to  tin*  and 
a(a»  1,3)  d*not«*  th*  partial  d*iiva- 
tiv*.  j 


Constitutive  aquation* 


b,  %  * 


(2) 


4^ 

sCo)- 

= 


(o) 


Co) 


*3,1  -h  VV 

,  <o)  0) 

u.,  ,  +  u.. 


(3) 


*2, 1  T'  ~l 

Boundary  oondition* 

for  th*  fr**  *dg*«  of  a  rectangular 
plat*  of  l«ngth  21  and  width  2w, 

^W,0  OKX^+U, 

->>  -» 

%  8  a  S  * 

FOSMUIAXIOF  cr  TUB  PRCBUM 

V*  oon*ld*r  th*  oa**  in  vhioh 
h  -  h  C*3)  aa&  w*  ***um* 


(4) 

cm.  Xj  s±l  • 


(•)  , .  /  N  cwt 

S  =  U(*3)e  , 


Co)  Co) 
az  =a3=o 


(5) 


Xh*  only  non**ro  oonponant  of  diapiao*- 
n*nt  i*  th*  fao*-*h*ar,  *  Ih* 
oorr**ponding  nonaaro  at rain  oompon*nt 

1* 


i 


(6) 


wharo  /  s  °*/rt •  Th*  a**ooiat*d  non¬ 
aaro  *tr***-r**ultant  ia 


xk'Si  u't“l .  m 


wh*r* 

”*  .  J*  *  - 

,  H"  *<►)*(♦>  St  >  H0  4“'“  *» 

St  8  SC  S*e*t/»*i  » 

c/g-  Sffa  Sy  -  %y  5  v  ca<=  Vs  V°' 

/»  s  £*•*"(  M/a)  ,  i*  ^  (l n/i)  , 

S  *  **  1  CM  f  S0%- 

Stain-di*plao*a*nt  relation* 


aCo> 

'i  -  “‘■1,1  ’ 

S(o)  -  uw 
*3  -  u3,l  > 

<•>  .  CO 

•2,3  +  U3  * 


s,w =,  *?- 


For  th*  AO-eut  of  quart*  th*  olaatio 
oonatant  o^g  i*  a*ro  and  for  th*  AX-out 
of  quart*  o^g  i*  aaall  relative  to  o ^ 
and  ogg  and  a*  a  first  approximation 
it  oan  b*  taken  identically  equal  to 
•*ro.  Thi*  aaeunption  *hould  not  prohi¬ 
bit  th*  aatohing  of  th*or*tioal  with 
experimental  result*  (Ntndlin  A  Oaei*, 
raf ,  i).  Moreover,  with  th*  aaeunption 
°56  "  °»  dh*  equation*  governing  th* 
thi okn**»- twist  and  fao*-*h*ar  ar*  ooa- 
pl*t*ly  unoouplad,  and  h*no*  th*  notion* 
oan  ooour  at  different  fr*quenoi**, 

U*lng  (7)  and(l),  w*  gat 
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Fig.  1  —  Tapered  infinite  strip 


u"  f  +  z8*"0  =  °> 


(8) 


wh  ere 

?  “/^SJ  ’ 


An  infinite  strip  with  a  Ilnssr  taper 
in  ths  *5  -  dirsotion  la  oonnldersd 
(fl», 1).  The  tspsr  is  given  by 

■k  (x3)  =  (*•  f  ^}-)  (9) 

„4  *.=  > 

where  a,  b  and  a  art  oonatanta, 

Ths  edges  *j  ■  o  and  Xj  ■  1  art  free 
and  consequently,  ths  boundary  oondl- 
tlona(4)  bsooas 

U 1  Si  0  »*V  *3  S  o,  4  •  (10) 

Ths  problsn  is  to  find  ths  solution  of 
equatlon(S)  satisfylng(9) ,  subjsot  to 
ths  boundary  oonditloos(IO)  given  above, 
Ths  tapsrsd  plats  is  now  assuned 
to  bs  ooapossd  of  two  dlffsrsnt  parts 
having  dlffsrsnt  thickness,  Ths  ssoond 


part  (denoted  by  ths  suffix  2)  has  uni¬ 
fora  thickness  h2(xj)  -  h0»  whlls  ths 
first  part(dsnotsd  by  ths  suffix  1)  is 
characterised  by 

\  C*a)  -  V<i  *3  *  <»■> 

Tbs  conditions  to  bs  fulfilled  ars 

U|  so  at 

O«0,  o/  =  (e,^  u/ 

U/  C»j)  *  0a(x3)  (11) 

**  xis<l 

Ul(*3)=0  a*  =  £;*), 

whsrs  / 5  ,  1,2  stand  for  ths 

first  and  ssoond  part  respectively. 

Considering  aquations  (0)  and  (9a), 
ws  oan  sol vs  ths  problsn  provided  ths 
boundary  oonditions  (11)  ars  ohossn. 

SOLUTION  or  TUB  PKD1IM 

4, 1.  (Oass-1) .  inserting  ths  first 
condition  of  (9)  for  ths  linear  taper 
into  (0)  and  substituting  ef 

-  y#  ws  get 
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d-^U  ,  v  ill  i  /  £  *  \  1-  _ 

*7^  +  Y  **  uro  -  (1a) 

Tho  general  aolutioa  of  equatlon(1 2)le 
written  ao 

»(«+  ‘J4)}+8Y|¥^*„‘4»)Bj 

J  and  X  art  Baaaal  fuaotloM  of  tho 
firet  and  atooad  kind  reopeotiwely.A. 

2  art  any  two  oonetanto.  and 


Ohoooing  a  ■  1  and  applying  boundary 
oondltloni(IO) ,  wo  oan  wrlto  tho 
frequenoy  equation  ao 

<1J> 


whoro 


oC  c  I  f ; 


Tho  fixot  oix  roota  of  oquatloa  (19) 
for  varLouo  values  of  oC  are  given  la 
Table-i  C'J  • 


Introducing  ao  a  roforoaoo 
frequency  tho  frequency*  «,  ,  of  tho 
lowaet  x1 ,  z2  thiokaooo  ohoar  node  of 
a  uniform  plate  of  thiokaooo  2  h0»  l.e 


we  find  for  tho  dinenoioaleBs  fre¬ 
quencies,  of  the  a  th  mod#  of 

faoe-staear, 

-o.n=  =  jf  ( 

«CV«KV‘)v  ( <s) 

»  G  (*o/€)*-k 

where  t0  ■  2h0,  tho  maxlnua  thloknooo 
of  tho  plate  and  a**,  are  the  suooosoive 
roote  of  oquatloa  (19)*  Tho  dinonslon- 
looo  frequoaoy  lo  thloknooo  independent i 
l.e..  tho  faoe-ohear  node  hao  tho  oaao 
thloknooo  ao  tho  faoo-obear  node  uood 
to  aomalioo(oquB«17) .  la  W.g.2,  tho 
dinonoloalooe  froquonoloo  are 
plotted  ao  functions  of  the  longth-to- 
thloknooo  ratio  (l/tQ). 

If*  however*  h(Xj)  -  hQ,  a  oono- 
tant,  wo  get 

U  -  do  *y  +  8„  000^^19) 


whore  A0,  B0  are  oonatanto. 


Applying  the  boundary  ooadltlono(10)> 

we  get 

^n/<  •»  *nt*«er  •  (20) 

Again.  Introducing  as  ao  a  referenoe 
frequenoy  we  find  for  the  dinenoionleoo 
frequenoleo,  of  the  n  th  node 

of  faoe-ohear. 


M 

^»9 

91.4126 

12.9998 

6.2794 

47  ,.1217 

18.8491 

9.4182 

62.8902 

25.1294 

12*9614 


78*9989 

31.4133 

19.7040 


94.2467 

37.6969 

18.8462 


Fig.  2  Dimtntionim  frequincft*  of  faco-ihtar 
modes  in  a  taper* d  plat*  as  a  function  of 
length** to-thicknm  ratio 


=  ^Cf,A<)^  (21) 

*  *  (**/<■)  CV<0  • 

V#  mu  now  lnwaatlgata  tha  affaota  of 
tap trlii*  by  comparing  tha  influanoa  of 
tha  langth-to-thioknaaa  ratio  on  tha 
fraquanolaa  oaloulntad  froa  aquation* 
(18)  and  (21), 


araaoa  batwaan  tha  fraquanoy  of  tha 
q  tb  aodt  (q  ■  a  ■  a)  of  faoa-ahaar  la 
a  taparad  plat a  and  ita  fraquanoy  la 
a  ualfom  plata.  But  if  a>b,  tha 
fraquanolaa  la  tha  taparad  plata  ara 
lapromd, Alt hough  tha  aolutlona  for 
tha  faoa-ahaar  ribmtiona  of  ualfom 
and  uportd  plataa  raranl  that  tha 
fraquaaolaa  of  thaaa  vlbratlona  ara 
ladapaadaat  of  tha  thlokaaaa  of  tha 
Plata ,  tha  fraquanolaa  ohanga  vlth  tha 
typo  of  tapanng  and  tha  dlaplaoaaant 
pattara  la  altarad  /“q,hJ7, 


4,2,  (0aaa-2).lf  tha  thlokaaaa  warlta 
azpoaoBtially,  wo  Kara 


u  -  ,  e  f  d 


vhara 

VB251  • 
2. 


(24) 


Applying  tha  boundary  ooaditiona(iO) , 
va  obtain 


r  ■  l at agar. 


Xatroduolng  aa  a  rafaranoa  fraquanoy, 
«a  hata  far  tha  dlaaaaionlaoa  fraquan¬ 
olaa,  SL^  ,  of  tha  r  th  aoda  of  faoa- 
ahaar 


5  -  VT±5S^  * 

,  „  in  (26) 

'(■*•*/•")*■  ■ 

If  tha  diaanalonlaaa  fraquanolaa,  , 

ara  plottad  aa  funotiona  of  tha  langth- 
to-thioknaaa  ratio,  l/t0,  tha  natura 
of  tha  ourvaa  nil  ba  tha  aaaa  aa  givan 
in  Tig. 2. 


To  invaatlgata  tha  affaota  of 
taparing,  wa  ooapa ra  tha  lnfluanoa  of 
tha  langth-to-thloknaaa  ratio  on  tha 
fraquanolaa  aa  diaouaaad  pranoualy, 
Thua,  wa  hawa 


Wa  aaa  hara  that  thara  la  wary  Uttla 
dlffaranea  batwaan  tha  fraquanoy  of 
tha  k  th  aoda  (  k  •  r  -  a  )  of  tha  faoa- 
ahaar  In  a  taparad  plata  and  ita  fra¬ 
quanoy  in  a  uniform  plata.  Although  tha 
diaplaaamaat  pattam  la  altarad,  tha 
fraquanolaa  raaala  alaoat  tha  aama.Tha 
aolutlon  for  tha  faoa-diaar  wibxmtlona 
of  a  unifora  plata  and  that  of  a  tapar¬ 
ad  plata  ravaala  that  tha  fraquanolaa 
of  thaaa  nbrationa  ara  indapandant  of 
tha  thioknaaa  of  tha  plata,  Xha  only 
dapandanoa  on  tha  thioknaaa  la  tha 
"Shapa  affaot"  which  govaraa  tha 
motion  /*q,n_7» 


SOLUilON  FOB  A  1'APBRSD  PLAl'B  WITH  PIB01- 
WI8B  OON'XIMTJOUB  BOUNDARY 


in  thla  oaaa,  tha  diaplaoananta  ara 
writtan  aa 

Ul  03)  =  »  f,  (t,  *3  )  +  8t.(^*») 

(o  4,  «,)  (28) 

and 

tUl  C*a)  -*<l 

A^^ylng 'boundary  oond^tlona(ll)  ,wa  gat 
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Fig,  3 —  Fac«-sh«ftr  mod*  ship*!  for  i  taporod  plait 


]>7vs),  1  (»« 

If  tha  two  port*  art  oompoaad  of  tha 
aana  material,  wa  hava  f  ,  -  ^  aft 
and  for  aoall  valuta  of  p  ,  wa  oan 
writa 

Z  l)  =  0-  oo) 

Tha  aquation  a how*  that  tha  fxaquanoy 
apaotrun  of  a  plata  with  plaoa-wiaa 
oontinuoua  boundary  la  indapandant  of 
tha  thloknaaa  of  tha  plata  whloh  agraaa 
with  tha  pravioua  raaulta. 

If  1,  ■  0,  tha  aquation  raduoaa  to  that 
for  a  uniform  plata.  In  thia  oaaa.tha 


•.n  poaalbla  valuta  of  fraquanoy  art 
glvtn  by 

}  (31) 

If,  howavar,  1-1,  -  0,  wa  hava 

OT,(Pt)  =  0>  (?2) 

tha  root  a  of  whloh  art  jTvJ7 

-  3.8317,  ^121  -  7.0136,  /}jl- 

10.1733,  pul  -  13.3237,  ato. 

Tha  aquation  (32)  rapraacnta  tha  aqua¬ 
tion  for  a  tap trad  plata  whloh  haa  baan 
dl  a  out  tad  by  Blauatain  (1966) 

Thua,  wa  hava 

*W«- JWW.. 

tha  fraquanoiaa  art  aligbtly  lnoraasad. 


Fig*  4  —  Fact  -  ihtar  mode  shaptt  for  a  plat*  of 
•xponontlatty  varying  thicknois 

18  wh*r*  6  =  ^SEL  r 


MODI  SHAP18 

'fh#  n  th  mod#  of  faoa-ahaar  motion 
io  th*  firtt  o***  l*  d**orlb*d  by 

u*=  8h.C*{ 

wh*r#  1*  an  arbitrary  oonatant, 
'Jh*  r  th  nod*  of  fao*-*h*ar  motion  in 
th*  aooond  oaa*  la  daaorlbad  by 

>V=  4-^i  + 

w  4rS/ey  /  m 


Xyy^.  5y»  i»  O^K. 

°°^%.  3  4a*cXat 
*h>+**,  ^yjjand  in  W«,4,  iy^  are  plo¬ 
tted  a*  a  >unotion  of  Xj/1.  a'h*  motion 
in  th*  fundamental  mod*  and  th*  low 
oy*rton*a  of  faoa-ahaar  ara  mor*  avanly 
dl*trlbut*d  throughout  th«  l*ngth  of 
th*  plat*  although  th*  maxlnium  ampli- 
tud«  alwaya  oooura  at  th*  thin  *dg*.in 
th*  hlgh*r  ©Tortonaa  of  fao*-ahoar, 
th*  motion  t*nda  to  b*  mor*  and  mor* 
looalistd  n*er  th*  thin  *dg*  of  th* 


plat*.  In  ?ig.4,  w*  should  nota  tha 
interesting  mods  ehapaa. 

CONCLUDING  RBMAHXS 

On  analysing  tha  raaulta,  w# 
find  that  although  tha  fraquanoiaa  of 
tha  faoe-ahaar  no das  of  uniform  and 
taparad  platan  and  plats  with  piaos- 
ulsa  oontinuoua  boundary  ara  indapen- 
dant  of  tha  thiokntas  of  tha  plats , 
tha  fraquanoy  apaotrua  and  nods  ehapaa 
ara  ohangad  due  to  tapering,.  'Ih#  typa 
of  tapering  oan  slightly  inoraaaa  or 
daoraaaa  tha  fraquanoy  than  that  in 
a  uniform  plat*,  Tha  study  of  tha 
spool al  faaturaa  of  tha  fraquanoy 
spaotrum  of  auoh  plats  might  point 
tha  way  to  tha  dsaign  of  now  transduo- 
ar  dsTioaa  and  tha  raaulta  may  ba 
uaaful  to  datarmina  tha  affaota  of 
amall  manufacturing  arrora  on  tha 
fraquanoy  apsotrum  of  a  plats  of 
uniform  thioknsao. 
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DYNAMIC  BEHAVIOR  OF  COMPOSITE  LAYERED  BEAMS 


BY  THE  FINITE  ELEMENT  METHOD 


P.  Trompette,  R.  Caar  tntr 
I.N.S.A. 

Laboratoire  da  Mlcaniqua  daa  Structural 
E.R.A.  911  -  Bltiment  i  113 
20,  avanua  Albert  Einatain 
69621  Vlllaurbann*  -  FRANCE 


A  new  finite  element  eipecially  adapted  to  the  atudy  of  uneymaetrical 
laminated  atraight  or  curved  baama  i«  praaantad  -  ehaar  effect a  in 
all  the  lamina tea  ara  included  in  the  theory  Both  the  different 
etreea  and  dieplacaoent  continuity  condition!  at  each,  laminate  inter¬ 
face  at  the  free  u treat  condition!  on  the  top  and  bottom  turfacea  of 
the  beam  ara  satisfied.  Thii  modal  haa  baan  applied  to  the  determina¬ 
tion  of  raaonence  frequencies  of  a  aki  with  different  boundary  oondi- 
tiona.  Oood  agreement  between  experience*  and  calcuiatione  haa  bean 
obat.rvad.  Soma  of  the  calculated  fraquenciee  have  been  correlated  to 
thoee  measured  during  and  aatual  ski  run. 


INTRODUCTION 

Conoiderabla  attantion  hat  btan  davotad  in 
tht  latt  twenty  flva  yaara  to  cumpoalta  mate- 
riala  and  aapuciaily  to  atraight  and  curved 
beam*  which  ara  wldaly  uaad  in  etructural  ale- 
manta.  A  comp  lata  aurvay  of  thia  question  it 
quite  impoaeible  ae  publication  are  nuoeroua, 
howevar  an  alementary  cUauification  in  order 
of  incraeaing  model  eophlaticetion  can  be  atteia- 
ptad.  Firat  one  can  ieolata  the  papers  ueing  non 
homogenaoue  theory  of  elaeticity  or  microatruc- 
tural  theory  which  lead  to  equivalent  honiogane- 
oue  baama  or  plate*.  Amonget  them  on*  should 
mention  the  works  of  J.M.  Whituey  j  1 , 2, 3 | , 

S. B.  Dong  |4,5|,  C.T.  Sun  | 6 , 7 [ ,  Di  Taranto  |8, 
9|,  P.C.  Yang  | 10 | .  All  thasa  papara  euffer  from 
varioua  elmpllfying  assumptions  imposed  by  the 
analytical  approach  to  the  problem.  Thl*  explains 
why,  aa  toon  a*  the  finite  element  method  was 
davaloppad,  it  was  applied  to  the  study  of  dyna¬ 
mic  of  tha  laminated  beame.  K.M.  Ahmad  | 1 1 , 12 | 
hat  investigated  the  etatic  and  the  dynamic 
behaviour  of  atraight  and  curved  three  laminate 
beam*  with  *  honeycomb  cor*.  A.V.K.  Murty  |13|, 

T. P.  Khatua  and  Y.K.  Cheung  |U|,  A.S.  Mawenya 
and  J.D.  Davie*  | 15|  have  davaloppad  various 
multilayer  plat*  or  beam  finite  element*.  In 

| 1 3 |  the  effect*  of  bending,  eheer  flexibilities, 
rotatory  and  longitudinal  inertia*  of  all  lami¬ 
nate*  have  been  Included  out  tha  hypotheale 
limit  the  theory  to  symmetric  laminatad  beta*. 

In  | 1 A  j  end  1 1 3  I  the  longitudinal  displacements 
of  each  layer  are  retained  in  the  analysis  which 
may  lead  to  numerous  D.O.F.  especially  for  the 
plates  {  the  earn*  remark  can  u*  loruulatau  whan 


the  hybrid  strata  finite  element  formulation  la 
used  1 16, 1 7 [ .  Such  complex  model*  ere  only  Jut- 
tifiad  for  thick  laminate*.  In  thl*  paper  a  new 
finite  element  (including  tha  shear  effects)  ia 
proposed  which  attempt  to  give  precise  ■ tress 
result*  in  each  layer  while  retaining  a  email 
number  of  nodal  variable*.  The  thicknaeaea  of 
tha  layers  are  constant.  Thia  « lament  haa  been 
applied  to  predict  the  fraquenciee  and  mod# 
shape*  of  an  actual  akl  manufactured  by  ROSSIGNOL 
S.A.  with  various  boundary  condition!.  This  work 
can  ba  extended  to  the  dynamic  bohavior  of  lami¬ 
nated  plate*. 

THEORY  -  GENERAL  ASSUMPTIONS 

Figure  (1)  represent*  the  croai  section  of 
*  laminated  been  with  it*  coordinate  aystem.  A* 
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th*  laminate*  can  be  located  uneyomatrically, 
th*  rofaranc*  plan*  xoy  will  contain  tha  nautral 
axia  which  will  ba  determined  latar.  In  thia 
thaory  th*  af facta  of  banding,  ahaar,  rotatory 
and  longitudinal  inartiaa  of  all  laminate*  ara 
includad.  Tha  dlaplacantnta  of  a  point  pj<  of  tha 
layar  k  ara  notad  u'*' ,  v'k> ,  w(k) ,  ^h,  princi¬ 
pal  aiauaptiona  ara  tha  following  i 

a)  -  Tha  baaa  ia  thin  and  th*  displacement 
\tW  of  aach  layar  ia  takan  aa  independent  of  c, 
furthar  it  la  tha  tana  for  all  tha  layara 

w(k)  -  w(x,y)  (1) 

b)  -  Th*  affact  of  th*  tranavaraa  normal 
a traaa  oK|  ia  aaaumad  to  b*  nagligibl*  and  to 
aimpllfy  th*  praaantation,  tha  material  of  aach 
layar  ia  alaatic.  Thu*  tha  *tr*a*-f train  rala- 
tiona  for  th*  layar  k  ara  t 

•S?  c|k>  cft>  o  e£> 

cjk>  «<$> 

o«0  Cu<k)  a(k> 

°xt  *x* 


c)  -  Th*  atrain-diaplacamant  ralationa  ara 
thoa*  of  th*  claaaioal  theory  of  alaaticity  s 


tW  -  u(k) 

vxx  ,x 


6<k>  -  w  +  u(k> 

XB  ,X  ,t 

c<k>  -  w  +  v<k) 


-  u(k>  ♦  v(k>  y*  ’y  •* 

*y  ,y  ,x 

d)  *  Following  tha  work  of  1 1 1  and  1 2 1 ,  tha 
ahrar  atraaiaa  ,  oW  of  tha  k«»  layar  ara 
casused  to  vary  parabolficaly.  They  taka  th* 
form  t 

.£>  -  u*k)  +  c^d+b ,  («♦*  )  -i.  <j+*  )j > 

n 

(A) 

"  Uyk)  *  <•*»,)  -  U+*')*) 

in  which 

-  ♦-(x.y),  ♦  (x.y)  ara  function*  of  the  main 
ahaar  of  a  croaa  "lection, 

/ti  (k) 

,  b  ,  b  ara  conatanta  which 
ara  dat*rnin*dyfrom  th*  condition*  of  continuity 
at  aach  layar  interface  j 


k-l,2,...n-l 


and  from  tht  requirement  that  atreaaea  vanish  on 
th*  top  and  th*  bottom  aurfacaa 


o<k> 

o(k+1)| 
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XX 
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o(1) 

o(n) 

y* 

y* 

-  a  is  the  unknown  a  coordinate  of  the 
nautral  IxIb  with  reapact  to  th*  bottom  of  tha 
beam. Thia  coordinata  ia  now  calculated. 

The  two  laat  relation*  (3)  are  integrated 
in  a.  Thu  a  i 


u<k>  -  u<k) 
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♦  f<W 


f'  '(*)  * 

X  X 


*<k>  -  ^  ■  v  ♦  f^o  s 

(UN  /UN 

with  ir  ,  ,  w  only  functions  of  x  and  y 

(k)  <k)  bx 

fx  -  + l>« +  r  t-.>* 

Ci.4  (g 

-  -i-  (a+a  )>) 

3h*  * 

n 

Tha  aaaa  aquation  can  be  written  with  the  aub- 
acript  y.  Than  i 


<k>  -  ttW  . 

aw  +  f^  o 

(9) 

XX  o,x 

pXX 

X  x,x 

<k>  .  vik)  - 

x  w  ♦  f^  & 

(10) 

yy  o,y 

.yy 

y  y.y 

At  th*  width  of  tha  beam  ia  amall,  the  cur¬ 
vature  w  yy  ia  neglected.  With  thia  hypothoaia, 
the  longitudinal  atreia  in  the  layer  k  ia  the 
•um  of  three  terma  representing  the  axtenaion, 
the  banding  and  the  ahaar  i 

„Ck)  -  c(k>  urk)  *  , .00  „  r(k)  ,  u 

«„  -«.■  V»-C-  ■“.»  „„ 

♦  Ctt>  f(k>  +c^f(k)(k) 

11  X  x,x  u  /  y,y 

Retaining  only  tha  longitudinal  • trees  due 
to  tha  banding,  its  resultant  N  ,  must  b*  aero 
which  lead*  to  i  '* 


h,  .-a 

k- J  a 


-  1  Cik)  w,xx  dE 


and  gives  tha  position  of  the  neutral  axia  loca¬ 
ted  In  the  layar  1  t 

‘a  "Y  1  j,  cn)(hk-hk-l),/  ] 


DISPLACEMENTS 

From  I  7 i  and  I  1 3 1  it  ia  now  poaaibla  to  de¬ 
termine  the  diaplacemants  of  each  layer.  If 
u  (x,y)  and  v  (x,y)  are  the  diaplacemcnta  of  the 
layer  A  in  which  the  neutral  &xIb  ia  located, 
the  continuity  at  each  ioyur  interface  gives  the 
following  formulae  i 


O  »Vi 
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(VrV<^p+iT 
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JCX+I) 

■7W  ♦* 
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rsepectlvsly  for  the  layers  i  btlov  and  abova 
tha  layer  X.  | 14  and  | IS |  can  ba  wtictan 


05) 


u<M  ■  u  + 

O  0  *x  9x 


<  lb) 


Following  tha  aana  procedure,  it  it  aaaily  ihown 


thtt 

i 

$ 

. 

V<W  - 
0 

V  4  .<*>♦ 

0  “y  9y 

(17) 

tv; 

fa 

Thua 

u(k>  -  uc 

‘  *  \x  +  P?°<‘>  *x 

(18) 

WC 

V<k)  -  vc 

"  *  w,y  +  p}k)<l)  *y 

09) 

'a.  ■ 

•V" 

|  with 

' 

p<k>  . 

X 

+  (k) 

X  *x 

(20) 

1 

p(b)  . 

y 

f00  +  .00 
y  *y 

(21) 

£ 

j  POTENTIAL  AND  KINETIC  ENERGIES 

m 

Tha  general  expressions  of  these  energies 

*  , 

'  e 

iri 

*  * 
V/ 

• 

u  .  • 

<t>  {o)  dv 

(22) 

V 

1 

T  -  \ 

o  <u>  (u)  dv 

(23) 

Tha  integration  can  ba  parformsd  in  tha  t 
diraction  aa  u^),  vW,  w  ara  axplicit  functions 

■j  <e^>  loCk>)  dt  dwdy  (24) 


of  i.  Thua  h,-*_ 
-  n  ,  k  a 


S 


■i  p.  (uJ  <k>+;*(kW  (k)  )didxdy 

.  <»> 


To  dataraina  tha  stiffness  and  man  matrices  it 
ia  now  nccaaaary  to  specify  tha  ahapa  functions 
in  x  and  y. 

Tha  aalectad  finite  alamant  has  an  isoacolsa 
►rapoaotdel  fora  (flgur*  2).  Tha  nodal  variablos 


ara  the  thraa  displacements ,  tha  alopa  in  the  x 
diraction  and  tha  two  thaar  parameters  i 


Tha  ahapa  functiona  ara  the  usual  onse  uaac 
in  a  quadrilaterul  alamant  for  u,  v,  a  and  a 
and  ara  givan  by  tha  polynomial  basis  T  y 

Pi  •  <  1  x  y  xy  * 

Unusually,  an  in comp lata  and  non  symmetric  poly¬ 
nomial  basis  in  x  and  y  hat  bean  aalectad  to  ra- 
proaant  tha  variation  of  w,  which  la  i 


1  x  x! 


x*  y  xy  x*y  x*y  > 


This  choice  enables  ua  to  taka  into  account 
beam  torsion.  It  is  convenient  as  it  is  wall  adap¬ 
ted  to  tha  detirad  applications  which  ara  descri¬ 
bed  below,  it  has  however  tha  disadvantage  of  de¬ 
pending  on  the  alamant  orientation.  Tha  details  of 
tha  matrix  calculations  are  particularly  tedious 
and  will  not  ba  praaantad  hora.  They  have  bean 
performed  axplicitaly  to  shorten  the  computer  time. 
Tha  final  matricee  (mass  and  stiffness)  order  is 
24  x  24, 

APPLICATIONS 

The  proposed  finite  element  haa  baan  applied 
to  predict  tha  dynamic  behavior-frequsneiss  and 
mode  shapes  -  of  a  eki  taken  aa  a  curved  laminated 
beam.  Figura  (3)  shows  the  physical  dimensional 
parens  tore  usually  used  to  defined  a  akl  and  fi¬ 
gura  (4)  rapraaanta  a  typical  croaa  saction.  Fi¬ 
gura  (b)  gives  tha  variation*  of  the  width,  the 
camber  and  the  thickness  aa  functiona  of  x.  It 
is  pointed  out  that  the  number  of  layers ,  their 
thickness  or  their  material  conctitusnt  may  chan¬ 
ge  from  the  tail  to  the  shovel.  It  ia  addod  that 
the  effucts  of  the  aide  vail  and  tha  ateul  edges, 
must  be  rakan  Into  account  as  thry  Influence  si- 

{nificantly  the  banding  etiffnsss  of  the  akl  *• 

.a.  the  position  of  the  neutral  axis. 

The  material  characteristic i  values,  (complex 
Young  modules)  of  tho  different  components  used 
in  the  tested  ski  (SM  203  from  RQSSIGNOt.)  are  sum¬ 
marised  in  the  following  table.  They  are  supposed 
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*  jtamDvr 

Ig.  3 


ABS  top  surface 
Zlcral 

stratified  glass -epoxy 
expanded  polyurethane  foam  core 


phenolic  binding  Insert 
phenolic  side  wall 
expanded  polyurethane  foam  con 
,  stratified  glass- epoxy 
midden  steel  edge 
polyurethane  base 
Zlcral 


2 

x  coordinate  (m) 


)  5 


54 


to  be  conatant  in  the  frequency  rang*  atudi.ad 
and  hava  baan  manured  from  ainpla  vibratory 


taat*  performed  on  ainpia  apacimena.  Generally 
tha  Poiaaon  ratio  valuaa  hava  baan  eatimatad. 


Tab la  I 


Material 

Young y a 
modulua 

(N/m2) 

Poiaaon' a 
ratio 

Loaa 

factor 

Maae  denaity 
(kg/m3) 

zioral 

7.0  x  1010 

2788. 

Polyethylene 

1.70  x  10» 

1062. 

Rubber 

2.22  x  10B 

1300. 

A.B.S. 

2.08  x  109 

991. 

Glan-epoxy 

4.34  x  1010 

0. 

2163. 

Polyura thane 

7.32  x  10s 

I Hr  - 

0.026 

600. 

Phanolic  raain 

1.83  x  1010 

0.30 

0.014 

1404. 

Steal 

2.0  x  1011 

0.30 

0. 

7800. 

FINITE  ELEMENT  MOJBL.  RESULTS 

Tha  aki  haa  baan  diacratiaad  in  twenty 
thraa  element!.  Tha  atiffneaa  and  maaa  natricaa 
hava  baan  modified  to  taka  into  account  tha  in¬ 
fluence  of  the  aide  wall  and  tha  ataal  adgaa 


which  hava  baan  conaidarad  aa  eccentric  batata. 

Experimental  and  theoretical  reaonanca  fre¬ 
quency  raaulta  era  ahown  in  tha  table  (2)  on  a 
fraa-fraa  aki.  Agreement  la  vary  good  for  tha 
firat  flexural  modaa  which  ara  aaay  to  identify 
experimentally.  Tha  other  modaa  ara  generally 
coupled  with  flexure. 


Table  2 


Fraquanciaa  (Ha) 

Finite  element 

Expariance 

19.2 

18.9 

38.9 

38.2 

67.6 

67.2 

103.2 

103.4 

111.2 

133.2 

Mode  ahapaa 


l"* 

,nd 

2rd 

4th 

1th 


flexural  mode 

i> 


(xa  plana) 
(xa  "  ) 

(xa  "  ) 

(xa  "  ) 

(ya  "  ) 

(xa  plana) 


It  haa  baan  aatabliahed  1 18  [  that  during  a 
carved  turn  tha  weight  of  tha  akiar  and  tha  cen¬ 
trifugal  force  initiate  a  vary  large  praaaure  on 
tha  aaction  of  tha  aki  below  tha  ahoa.  In  ordar 
to  elmulata  auch  a  a  1  tuition  two  typaa  of  boun¬ 
dary  condition!  hava  baan  taatad.  Firat  tha  akia 
ara  again  calculated  fraa-fraa  but  maaaaa  (20  kg 
par  node)  ara  added  to  tha  appropriate  nodaa, 
(Fig. 6a) i  than  tha  condition  fraa-fraa  ia  repla¬ 
ced  by  tha  condition  i  partially  aupportad  on  an 
elaetic  foundation(Figura  6b).  It  appaara  that 
thaaa  two  typaa  of  boundary  condition!  give  ei- 
milar  raaulta,  (Table  3). 


Table  3 


Fraquanciaa  of  tha  loaded  aki  (Ha) 

Free-Free 

On  alaatic  foundation 

14.3 

12.0 

27.3 

21.  1 

43.3 

42.  7 

70.4 

79.7 

83. 1 

84.6 

99.7 

90.4 

106.0 

126.  1 
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fflastic  foundation 


b) 


Fig.  6 


Further  hm  a f  the  calculated  fraquanciaa 
can  ba  ralatad  to  thoaa  naaaured  during  a  run 
on  aki  traoka  (Flguraa  7a),  7b),  7c)).  Obvioua- 
ly  thla  relation  cannot  ba  bayond  a  doubt  a* 
the  boundary  condi tiona  ara  alwaya  changing 
during  an  actual  akilng  tact.  However  conducive 


evidence  vac  obtained  by  (codifying  the  aki  atruc- 
tura  which  provoke  ahift  in  aoua  of  the  frequen- 
ciea.  The  different  valuaa  of  the  daaping  factor 
for  each  of  the  calculated  or  Matured  frequan- 
ciea  have  not  bean  reported  in  the  different  ta¬ 
blet  aa  they  are  alwaya  around  two  or  three  par 
cant. 


1  power  ipectral  dentlty  (•  0*) 


frequency  (H  z) 


3 


b) 


CONCLUSION 

A  n*w  finite  element  to  calculate  tha  beha- 
viour  of  coapoaita  baajaa  haa  baan  praeantad.  It 
takaa  into  account  a  parabolic  variation  of  tha 
ahaar  atraaaaa  ia  tha  thicknaaa  lay a (a,  tha  con¬ 
tinuity  conditlone  at  aach  interface  both  for 
tha  diaplaeaaMnta  and  tha  eonvanianc  atraaa,  and 
tha  fraa  atraaa  boundary  conditiona  at  tha  top 
and  tha  bottoa.  Daapita  of  all  thaaa  reflneeente 
the  number  of  D.O.F.  at  aach  noda  raaalna  a nail. 
Thia  alanant  la  coanonly  uaad  in  akl  behaviour 
atudiaa  but  can  ba  uaad  for  other  application 
auch  aa  buapera.  In  a  recant  davalopMnt  larte 
atraina  have  baan  included. 
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